ASYMPTOTIC LOWEST TWO-SIDED CELL 
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Abstract. To a Coxeter system {W, S) (with S finite) and a weight function 
L : W — > N is associated a partition of W into Kazhdan-Lusztig (left, right or 
two-sided) L-cells. Let S° = {s £ S \ L(s) = 0}, 5+ = {s G S | L(s) > 0} 
and let c be a Kazhdan-Lusztig (left, right or two-sided) L-cell. According to 
the semicontinuity conjecture of the first author, there should exist a positive 
natural number m such that, for any weight function L' : W N such that 
L{s+) = L'{s+) > mL'{s°) for all s+ e 5+ and s° e S° , c is a union of 
Kazhdan-Lusztig (left, right or two-sided) L'-cells. 

The aim of this paper is to prove this conjecture whenever (W, S) is an 
affine Weyl group and c is contained in the lowest two-sided L-cell. 

1. Introduction 

Let {W, S) be a Coxeter system (with S finite) and let F be a totally ordered 
abelian group. Let L : W ^ T he a. weight function in the sense of Lusztig [M^ §3.1]. 
To such a datum is associated a partition of W into Kazhdan-Lusztig left, right or 
two-sided L-cells [T31 Chapter 8]. By virtue of [1, Corollary 2.5], the computation 
of these partitions can be reduced to the case where L has only non-negative values, 
which we assume here in this introduction. We then set 

S° ^{seS \ L{s) ^ 0} and S+ ^ {s e S \ L{s) > 0}. 

A particular case of the semicontinuity conjecture of the first author [1] Conjec- 
ture A(a)] can be stated as follows: 

Semicontinuity Conjecture (asymptotic case). There exists a positive integer 
m such that, for any Kazhdan-Lusztig (left, right or two-sided) L-cell c and for any 
weight function L' : W ^ T such that L(s+) = L'(s+) > mL'{s°) for all s+ £ 5+ 
and s° £ S° , the subset c is a union of Kazhdan-Lusztig (left, right or two-sided) 
L'-cells. 

The computation of the partition into Kazhdan-Lusztig cells is in general a very 
tough problem and a general proof of the semicontinuity conjecture would be very 
helpful. Even whenever it is not proved, it gives a lot of speculative "upper bounds" 
for the cells (for the inclusion order): at least, it can be seen as a guide along the 
computations. 

Note that the full semicontinuity conjecture [U Conjecture A] (not only the 
asymptotic case) has been verified in different situations (see for instance the dis- 
cussion in [1, §5]). Note also that it has been established by the second author 
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whenever {W, S) is an affine Weyl group with |5| = 3 (see [TT]). Our aim here is to 
prove a result shghtly different in spirit than the previous ones. Indeed, it works 
for aU affine Weyl groups and non-negative weight function L but it focuses only 
on one particular two-sided cell, namely the lowest one (which we denote by c^^^). 

Theorem. Assume that (W, S) is an affine Weyl group. There exists a positive 
integer m such that, for any Kazhdan-Lusztig (left, right or two-sided) L-cell c 
contained in c^^jj^ and for any weight function L' : W V such that L{s^) ~ 
L'{s~^) > mL'{s°) for all s~^ G and s° € S° , the subset c is a union of Kazhdan- 
Lusztig (left, right or two-sided) L' -cells. 

The main ingredient of the proof of this result is the generalized induction of the 
second author [Tn| together with the particular geometric description of the lowest 
two-sided cell and its left subcells. 

The paper is organized as follows. In the literature, the lowest two-sided cell is 
defined whenever L takes only positive values on S (i.e. S = S^). The aim of the 
first four sections is to extend this description of the case where L is allowed to van- 
ish on some elements of S and to relate it to the semidirect product decomposition 
of W associated to the partition S — S° as in [2J (see also [1, §2.E]). It must 

be noticed that the proof of a key lemma (see Lemma 13. 9p requires a case- by-case 
analysis: this lemma is of geometric nature and does not involve Kazhdan-Lusztig 
theory. 

In Section 5, we introduce Kazhdan-Lusztig theory and, in Section 6, we recall a 
more sophisticated version of the semicontinuity conjecture and we state our main 
results. The proof of these results is then done in the last two sections. 

2. Affine Weyl groups and Geometric realization 

In this paper, we fix an euclidean R-vector space V of dimension r ^ 1 and we 
denote by $ an irreducible root system in V of rank r: the scalar product will 
be denoted by (, ) : ^ x F — R. The dual of V will be denoted by V* and 
(, ) : V X V* — > R will denote the canonical pairing. If a 6 $, we denote by 
a ^V* the associated coroot (if x G then {x, a) = 2(x, a) /{a, a)) and by $ the 
dual root system. We fix a positive system and for a £ we set 

i?«,o ^{xeV\ (x,d} =0}. 

Then the Weyl group fio of $ is generated by the orthogonal reflection with respect 
to the hyperplanes Ha.Q. It acts on the root lattice ($) and the semidirect product 
ilo IX {^) is an afflne Weyl group of type $. 

2.1. Geometric realizations. For a G and n £ Z, we set 

Ha,n = {x \ (x, d) = n} 

Then Ha^n is an affine hyperplane in V . Let 

^ = {Ha,n I a e and n £ Z}. 

If G we denote by an the orthogonal reflection with respect to H. Let 
^ — (cTH I H G Then is isomorphic to Wq k ($). We shall regard fl as acting 
on the right of V. 
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An alcove is a connected component of the set 

V- [jH. 

It is well-known that acts simply transitively on the set of alcoves Alc(^). Recall 
also that, if A is an alcove, then its closure A is a fundamental domain for the action 
of Q on V. 

The group O acts on the set of faces (the codimension 1 facets) of alcoves. We 
denote by S the set of Jl-orbits in the set of faces. Note that ii A € Alc(^), then 
the faces of ^4 is a set of representatives of S since A is a fundamental domain for 
the action of il. If a face / is contained in the orbit s G S, we say that / is of 
type s. To each s & S we can associate an involution A ^ sA oi Alc(^): the 
alcove sA is the unique alcove which shares with A a face of type s. Let W be the 
group generated by all such involutions. Then {W, S) is a Coxeter system and it is 
isomomorphic to the affine Weyl group Wq k ($) (hence we also have fl ~ W). We 
shall regard W as acting on the left of Alc(^). The action of commutes with 
the action of W. 

We denote by the fundamental alcove associated to <1>: 

Ao = {x e V \ < {x,a) < 1 for aU a € 

Let A e Alc(=^). Then there exists a unique w gW such that wAq = A. We will 
freely identify W with the set of alcoves Alc(^) 

2.2. Associated Coxeter system. Let i : W N denote the length function 
(with respect to the Coxeter system (W, S)). We denote by ^{W) the set of finite 
sequences (wi, . . . , Wn) of elements of W such that £{wi ■ ■ -Wn) = £{wi) + - ■ ■+£{wn)- 
If [wi, . . . ,Wn) is a finite sequence of elements of W then, in order to simplify 

notation, we shall write wi'W2 Wn if (wi , . . . , Wn) € ^{W). If / is a subset of 

S, we denote by Wi the subgroup of W generated by /. We denote by Xj the set of 
elements w GW which are of minimal length in wWi : it is a set of representatives 
of W/Wj. It follows from the irreducibility of $ that Wi is finite whenever / is a 
proper subset of S: in this case, the longest element of Wj will be denoted by wj. 

Example 2.1. Let X € V he a 0-dimensional facet of an alcove. We denote by 

Wx the stabilizer in W of the set of alcoves containing A. It can be shown that 
W\ is the standard parabolic subgroup of W generated by = 5' fl W\ (in other 
words, with the previous notation, Wx = W^Sx)- Note that Wx is finite: the longest 
element of Wx will be denoted by wx and we set Xx = Xs,^ ■ ■ 

Let H = Ha,n e with a e and n G Z. Then H divides V - H into two 
half-spaces 

V+ = {fi€V\ {x,a) > n}, 

Vh ={fi€V\ {x,a) < n}. 

We say that an hyperplane H separates the alcoves A and B ii A C and B C 
or ^ C and -B C V^. For ^, B G Alc(^), we set 

H{A, B) = {H e ^\H separates A and B}. 
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Proposition 2.2. Let x,y eW and A e Alc(^). We have 

(1) £{x) = 

(2) x-y if and only if H{A, yA) ("1 H{yA, xyA) = 0. 

2.3. Weight functions. Let (r,+) be a totally ordered abelian group: the order 
on r will be denoted by ^ . Let L : W T he a weight function on W, that is a 
function satisfying L{ww') — L{w) + L{w') whenever i{ww') = £{w)+£{w'). Recall 
that this implies the following property: 

(2.2) If s, t G S are conjugate in W , then L{s) ~ L{t). 

We denote by Weight(M^, F) the set of weight function from W to F. Throughout 
this paper, we will always assume that L is non-negative that is L{s) ^ for all 
s € S. The weight function L is called positive if L(s) > for all s G S* (in other 
words, L is positive if and only if L{w) > if u; 1). Note that a weight function 
on W is completely determined by its values on the generators s ^ S: the element 
of the set {L{s) \ s & S} are called the parameters. 

Example 2.3. The map W ^ T, w t-^ is a. weight function (and will be denoted 
by 0): it is not positive (if W I). On the other hand, £ : W ^ Z is a positive 
weight function. ■ 

Here is a first consequence of the non-negativeness assumption: 

Proposition 2.4. Let x, y d W. If L{x) — 0, then L{xy) = L{yx) — L{y). 

Proof. Let I = £{x) and let si,. . . , s/ be elements of S such that x — si • • - s;. 
Then L{x) = L{si) + • • ■ + L{si), so L{si) = for all i £ {1, 2, ... , I}, because L is 
non-negative. So, arguing by induction on the length of x, we may (and we will) 
assume that £(x) = 1, i.e. that x = si. Two cases may occur: 

• li xy > y, then £{xy) — £{x) + £{y), so L{xy) = L{x) + L{y) = L{y), as desired. 

• li xy < y, then £{y) — £{x) + £{xy), so L{y) — L{x) + L{xy) — L{xy), as 
desired. □ 

2.4. L-special points. Let iJ G ^ and assume that H supports a face of type 
s € S: we then set Lh = L{s). Note that this is well defined since if H supports 
faces of type s,t <E S then s and t are conjugate in W |4[ Lemma 2.1]. Then 
Lh — Lhct for all cr G fi. If A is a 0-dimensional facet of an alcove, we set 



We then say that A is an L-special point if L\ — v^. We denote by Spej;^(M^) the set 
of L-special points: it is stable under the action of il. Since Aq is a fundamental 




xeH 



Note that L\^ = L\ for all cr G il. We set 



'■— max La- 
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domain for the action of fl, the set Spe]^{W) n is a set of representative of orbits 
of Spe^(M^) under the action of fl. 

Example 2.5. If L = ^ is the usual length function then L\ is just the number of 
hyperplanes which go through A hence = \ $+ 1 and the set of ^-special points is 
equal to the weight lattice 

P($) ^ {v eV \ y ae<i>, {v,a) e 1}. 

Hence we recover the original definition of special points by Lusztig in [13J . ■ 

Convention 2.6. // W is not of type Cr (r ^ 1) then any two 
parallel hyperplanes have same weight [4, Lemma 2.2]. In the case 
where W is of type Cr with generators t, Si,..., Sr-i, t' such that 
{t, si, . . . , Sr-i) = Wo and (si, . . . , Sr-i) is of type Ar-i, by sym- 
metry of the Dynkin diagram, we may (and we will) assume that 
L{t)^L(t'). 

Recall that the type Ci is also the type Ai. 

Remark 2.7. Note that with our Convention 12. 61 for Cr {r ^ 1), the point G F is 
always an i-special point. ■ 

For a 6 $ we set 

La '■— max Lh 

Remark 2.8. Note that if W is not of type C then since any two parallel hyperplanes 
have same weight we have La — Lh^ „ for all n. In general we will say that 
H ~ Ha.n G =^ is of maximal weight if Ljj ~ La- ■ 

We denote by $^ the subset of $ which consists of all roots of positive weight. 
Note that $^ is a root system of rank r, not necessarily irreducible, and that 
$^ n is a positive system in see the proof of Lemma [3.91 where we classify 
the root systems We denote by the unique simple system contained in 

n $+. We have 

• If is not of type C or if L{t) — L{t') in type C then 

Spei(H/) = {w e 1/ I V a e (u, a) £ Z}. 

• If is of type C and L{t) > L{t') then 

Spei(H/) = ($^) £ {u e F I V a e (w, a) G Z}. 

In other words, the i-special points are those points of V which lies in the inter- 
section of 1$^ n $+1 hyperplanes of maximal weight. 

Let = {H e I Lh > 0}. Let A be a 0-dimensional facet of an alcove 
which is contained in an hyperplane of positive weight. An L-quarter with vertex 
A is a connected component of 

V- U H. 
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It is an open simplicial cone: it has r walls. 

Let a £ 3>^. A maximal L-strip orthogonal to a is a connected component of 



V- U i/a 



ri6Z 



If A is an alcove, we denove by "^^{A) the unique maximal L-strip orthogonal to 
a containing A. Finally, we set 



-L„>0 



3. On the lowest two-sided cell 



We keep the notation of the previous section. We fix a non-negative weight 
function L G Weight(W^, T). 

3.1. Definition and examples. Recall that we have set z/^ := max^gy L\. Since 
W\ is a standard parabolic subgroup of W, one can easily see that 

vl = max L{wi) 
where 3^f^a{S) denotes the set of subsets / of 5 such that W/ is finite. We set 

w = y Wi. 

/e5^ti„(S) 

Then we define the lowest two-sided cell of W by 

Cmin(^) = {xwy \ w G W ^ X'W'y and L{w) = vl\- 

We shall see later (see Section 15. 2p the reason for this terminology. When the 
group W is clear from the context, we will write c^j^^ instead of c^^J^W). Note the 
following immediate property of c^^^^: 



Lemma 3.1. Letw, x,y & W besuchthatw G c^^j^^ and X'wy . Thenxwy G c^^j^^. 



The set c^^^^ can change quite dramatically when the parameters are varying as 
shown in the following example. 

Example 3.2. Let W be of type C2 with diagram and weight function given by 

a b c 

t s t' 

where a, 6, c G F and, by convention, we assume that a > c. We start by describing 
the set 

^{w£W\ L{w) = vl}. 
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We have 

{tsts} if a > c and 6 > 0, 

{tsts, tst} if a> c and 6 = 0, 

^max ^ J {tsts, t'st's} if a = c> and 6 > 0, 

{tsts, tst, t'st's, t'st', tt'} if a = c > and 6 = 0, 

{sts, stst, st's, st'st'} if a = c = and 6 > 0, 

W ifa,6,c = 0. 

If = then we get c^j^ = W. Otherwise the corresponding sets c^j^ are 

described in the following figures: the black alcove is the fundamental alcove Aq, 
the alcoves with a star correspond to the set W^^^ and the set c^^^ consists of all 
the alcoves lying in the gray area (via the identification w o wAq). 




The set c^:„ for a = c> and 6 > The set c^;„ for a = c> and 6 = 
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The set ck.:^ for a = c = and b > 



3.2. Some alternative description of c^^^. Let ^l{W) be the set of finite 
sequences (wi, . . . , z«„) of elements of W such that L(wi ■ ■ -Wn) — L{wi) + • ■ • + 

L{Wn). 

Example 3.3. For instance, ^i(W) = ^{W). Note also that ^{W) C ^dW), 
by definition of a weight function: the inclusion might be strict, as it is shown by 
the case where L = 0. Finally, if L{s) > for all s € S, then ^lCW) = ^{W). ■ 

Example 3.4. If i = 0, then vl = 0, Spe^(W^) is the set of 0-dimensional facets, 
^l{W) is the set of finite sequences of elements of W and c^^^ = W . ■ 

For A, i? e Alc($), we set 

H^{A, B) ^{H e ,^^\H separates A and B}. 

Then we have (compare to Proposition 12. 2p : 

Proposition 3.5. Let x,y &W and A e Alc(W^). We have 

(1) L{x) = '}2h^hl(a,xA)^h; 

(2) (x, y) e ^l{W) if and only if H^{A, yA) n H^{yA, xyA) = 0. 

The set c^j^^ can be described as follows. 

Proposition 3.6. The following equalities hold: 

Cmin = {xwy \ w eW, {x,w,y) G ^l{W) and L(w) = vl} 
= {xwxy I A e Spei(M^) and {x,wx,y) £ ^l{W)} 



Proof. Let 

A = {xwy \ w ,{x,w,y) mvd L{w) ^ vl}, 

B = {xwxy I A G Spei(VF) and (a;,WA,2/) S ^l{W)], 

C ^ {w I wAo 5^ '^^{Ao)}. 
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It is clear that c^jn, B C A. Now, let z G A. Then there exists w G W and x, 
y G W such that z = xwy, L{z) = L{x) + L{w) + and L{w) — vl- 

Let us first prove that z G B. There exists a O-dimensional facet A such that 
w € W\. If L{w\) < i/L, then L(w) ^ L{w\) < vl: which is impossible. Therefore, 
L{w\) = i^L, so A e Spe^(M^). Write w = w\a, with a e W\. Then, since w\ is the 
longest element of we get that £{wx) = £{w) + £{a), so + L{a) — L{w\), 
so L{a) = 0. By Proposition 12.41 it follows that L{ay) — L{y). Then z = xw\ay, 
and L{z) = L(x) + L{w) + L{y) = L{x) + L{w\) + ^(a?/). This shows that z G B. 
So A = B. 

Let us now prove that z € c^i„. We shall argue by induction on £{x) + £{y). The 
result being obvious if £{x)+£(y) ~ 0, we assume that £{x)+£{y) > 0. By symmetry, 
we may assume that x — sx' , with s Cz S and sx' > x' . Let 2' = sz. Therefore, 
L{z) = L{sx')+L{w)+L{y) = L{s)+L{x')+L{w)+L{y) ^ L{s)+L{x'wy) = L{s) + 
L{z') ^ L{z'). Consequently, L{z) = L{s) + L{z') and L{z') = L(a;') + L(w) + 
So z' G A and, by the induction hypothesis, z' G c^j^^. Two cases may occur: 

• If sz' > z', then z — sz' G c^iin Lemma [3. 11 as desired. 

• If sz' < z', then L{z) — L{sz') ^ L{z'). Since we have already proved that 
L{z) ^ L{z'), this forces L{s) = 0. Write z' = aw'b with w' G L{w') = ul and 
a'w' 'b. Since z = sz' < z', this means that z is obtained from the expression aw'b 
by removing a simple reflection s' conjugate to s from a reduced expression of a, 5 
or w'. It it is removed from a or b, then z = a'w'b' with a''w' 'b', so z G c^in- If 
it is removed from w' , then z = aw"b' with L{w") — L{w') — and a^w" 'b, so 
7 G ■ 

Therefore, we have proved that A = B = c^j^^. 

It remains to show that C — c^j^^. Let z G c^j^^ = B. Then there exist x,y G W 
and A G Spe^(iy) such that z = xw\y and {x,w\,y) G J^l{W). In particular we 
have [w\,y) G hence, using Proposition 13. 5| we get 

(*) i7^(^o,2;Ao)ni/^(yylo,u'A2;Ao) =0. 

Let a G Since A is a special point there exists an hyperplane Ha^nx of weight 
La which contains A. The hyperplane Ha,nx separates yAo and wxAq and is of 
maximal weight, therefore by (*) it cannot lie in H'"{Ao,yAo) and it follows that 
it separates ^0 a-nd wxyAo. Therefore for all /i G wxyAo we have 

d) > nx if > 1 
d) < nx if nx < 

and wxy ^ '^^i^o)- But this holds for ah a G thus wxyAg ^ '^^{Aq). Now 
we have {x,wx,y) G ^l{W) therefore 

H^{Ao,wxyAo)nH^{wxyAo,xwxyAo) = 

from where we see that Ha,nx does not lie {wxyAo, xwxyAo). Hence xxWxyAo ^ 
'W^iAo) as required. 

Let us now prove that C C c^j^^. Let w G C. The idea is to follow the proof of 
[31 Proposition 5.5] using instead of <&. The alcove wAq lies in some connected 
component of 

V- \J Ha.o- 
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The group fl^ = {<^H^, „ \ a E is easily seen to act simply transitively on this 
set of connected components, therefore there exists a G ^Iq such that 

w^o C^a-^iveV \ {v,a) > for a e cr(A^)} 

This implies that there exist r linearly independent roots /3i, . . . , f3r in <i>^ H $^ 
such that 

'^^■={veV \ {v, /3i) < for 1 < i < k, {v, Pi) > for fc + 1 < i < r)}. 

Removing the alcoves which lies in '^^{Aq) we obtain the following L-quarter, 
which is a translate of ^o-: 

{w e F I {v, $i} <h ioT 1 <i <k, {v, $i) > h ioi k + 1 < i < r)} 

where 

{0 if 1 < i < fc, 
1 if fc + 1 < i < r and L(ff^,,o) = 
2 otherwise. 

Let Act be the vertex of that is the point of V which satisfies {X^^fii) — hi for 
all 1 < i < r. Then Ac, is a special point: for a G $^ we set = (Acd). Note 
that for all a G $^ we have 

(t) C if > and C V^^ if < 0. 

Now let z G be such that z{Ao) C A G z^^o- We get for a G $^ (using (j)) 

• if Ha^n G -ff"^(w^o, -^^o) then \n\ > 

• if -ffa,„ G H^{Ao,zAo) then |n| < 

• if Ha^n e H^{w\zAo, zAo) then n — n^. 
Finally putting all this together we get that 

H^{Ao,wxzAo)nH^{wxzAo,zAo) = 
and H^{Ao,zAo)nH^{zAo,wz-^{zAo)) = 0. 

Hence w = wz~^wxwxz and {wz^^ ,wx,wxz) G ^l{W). □ 

Remark 3.7. By direct product, one can easily show that Proposition 13 .61 still holds 
when W is not irreducible. ■ 

3.3. The elements of c^^^- Keeping the notation of the proof of Proposition [SiH 
every element a G f^g defines an L-quarter "t^^ with vertex and an L-quarter 
(which is a translate of ^o-) with vertex Ao-- We get the following equality 

cLniW) = [j {weW\wAocK}^ U ^i^(^)- 

We will simply write if it is clear from the context what the group W is. Note 
that any two sets 'laa^^a' are separated by at least one maximal strip, hence the 
above union is disjoint. In fact, the sets are the connected components of the 
closure of G V | ^ G wAq, w G c^inl- 

Let ba- be the unique element such that A^ G ba-Ao and fco- has minimal length in 
the coset Wx^ba- For a 0-dimensional facet A of an alcove, we set S'^ := {s € Sx\ 
L{s) — 0} and we denote by the element of minimal length in wxWs°^ 
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Lemma 3.8. Every element w G c^i^ can be uniquely written under the form 
ba where tr G Og, G Ws° and Xw € Xx^. 

Proof. Let w e c^j^^. We know by the previous proof that w = wz~^w\w\z and 

{'wz~^ ,w\,w\z) G where z is such that z{Aq) C "^^^ and Ag- G zAq. Both 

bcAo and wa^^Aq contains in their closure hence they lie in the same right coset 
with respect to Wx^ . Since has minimal length in Wx^ b^ there exists y' G Wx„ 
such that wxz = y'ba and {y', 6^) G J!f{W). Next let be the element of minimal 
length in {'WZ~^)Wx„ and let x' be such that 'wz~^ = x^x' . Assume for a moment 
that a;',y' G Ws? • Then 

x'wx^y' G M^so^ WA„ VKso^ = VKso^u>A„ 

and we write x'wx^y' = awW°^^. Finally w can be written uniquely 

Let us now prove that x' ,y' G Ws^ that is L{x') = L{y') = 0. Recall that fe^ 
has minimal length in Wxb^- On the one hand we have 

L{wxwxz) = L{wx) + L{wxz) = L{wx) + L{yX) = L{wx) + L{y') + L{b^). 

On the other hand 

L{wxwxz) = L{wxy'ba) = L{wxy') + L{b„) = L{wx) - L{y') + L{ba) 

hence L{y') = Q. Similarly one can show that L{x') = Q. The proof is complete □ 

Later on, we will need the following result. We put it and prove it here because 
it uses the notation introduced in this section. 

Lemma 3.9. Let w = Xyjayjw'^^bc, where a G Oq, G Ws° and Xw G Xx„- 
Then we have 

(1) Xy^.a^'W^^'b^; 

(2) if w' < a^w'^ba- and w' G c^j^^ then either w' = a-u,'W°^^b^ where a^/ < 
or w' = Xw'ttw'Wx ,ya' where y^i < ba- 

Eventhough this result might look fairly natural, it is in fact quite long to prove 
and involved a case by case analysis. 

Proof. We prove 1 . The fact that • • b^ is clear by definition therefore we 
only need to show that Xw'iawWx^bc). To this end we show that 

D := H{Ao,a^wl^bcrAo) n H{a^wl^baAo, Xyjawwl^b^Ao) = 0. 
Claim 1. // (A,,, /3) G Z then H^^^i i D for all n G Z. 

Proof. Let = (Ac^, $) and assume that np > 0, the case < is similar. Since 
x^ G Xx^i there are no hypcrplane containing A^^ which lies in 

H{an]Wl^baAo, XniO^wl^bcrAo). 

Hence Hjj^nf, ^ D- Now let n ^ np. Then since Ao- G Oww'^ b^AQ, we have 

n < {/1, 0) < np + 1 for all /i G a^w'^^bcrAQ. 

U n > np we have i?^,„ ^ H{Ao,ayjW'^^bc,Ao) and i?/3,„ ^ D. U n < up then 
Hj3,n ^ H{awWl^baAo,XwawWl^baAo) and Hp^n ^ D. □ 
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Claim 2. Let (3 S he such that there exists a hyperplane of direction P in D. 
Then Hpfl n ^ 

Proof. Let ^ € be such that there exists a hyperplane of direction ^ in D. By 

the previous claim, wc know that (A^, $) ^ Z. Let n G Z be such that n < {Xa-, $) < 
n + 1. We will assume that n > 0. (The case n < is similar.) Note that we must 
have -ff/3,n n 7^ 0. Translating by —Act we get 

Let X e t-\^{Hp^n) rr^CT- Note that we have {x,$) = n— {X^,$). Let 

g_ {Xy,$)-n ^ ^ 

Then < ^ < 1 and an easy calculation to show that x + 6Xa G -ff/3,0 (^'^a- D 

Claim 3. Let (3 G 6e swc/i t/iaf iI;3,o fl 7^ 0- ^/len we /iat;e either 

(1) (A,,/3) gZ, 

(2) 0< (A,J) < 1. 

Wc now prove that Claims (l)-(3) implies that D = %. By Claim 2, the only 
hyperplancs that can lie in D are those of the form H^^n where -ff/3,0 H "^o- 7^ 0- But 
then Claim 3 implies that we have either 

(1) (A,,/3) gZ, 

(2) 0< (A,,/3) <1. 

If we are in case (1), we have Hp^n ^ D hy Claim 1. If we are in case (2), then the 
alcove Uyjiv'^^baAo, which contains Ao- in its closure, must satisfies 

a-ujwl^baAo C {x gV \ < {x,$) < 1}. 

But so does Aq, therefore there are no hyperplane of direction /3 which lies on 
H{Ao,ayjW^^baAo) and -ff/3,n ^ D- Thus D = as required. 



It remains to prove Claim 3. We will proceed by a case by case analysis but first 
we want to express Claim 3 in a form which is easier to check. To do so, we need 
to introduce some more notation. 

Any a G fig defines a partition A+ U A~ of where 

A+ = {a G I QCT G $+} and A^ = {a G A^ | ccct G $"}. 

Remark 3.10. Note that we can obtain all partition of A-^ in this way, but that two 
distinct a might give rise to the same partition. ■ 

To such a partition, we associate A^+ G V defined by 

(-^A+.A- , a) = if a G A~ and (A^+_^- , d) = 6^ if a G A+ 

where 

_ Jl ifk + l<i<r andL{Ha,o)=L{Ha,i); 
2 otherwise. 
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Then we have Ao- — (A^+ ^-)cr. Claim 3 is then easily seen to be equivalent to 
the following statement, by applying a~^. (In the expression "^i, the 1 denotes the 
identity of fig .) 

Claim 3'. Let 7 € such that H^^ fl "^i and let a gQq . Then we have either 

(1) (V,A-7)eZ 

(2) 0<(A^+^-,7)<l */7'T€$+ 

(3) -1< (A^+^^-,7) <0 */7a€$- 

Proof. As mentioned earlier, we proceed by a case by case analysis. Note that it is 
enough to prove the claim for 7 ^ since for all 7 G we have (A^+ ^- , 7) G Z 
as A^+ ^- is a L-special point. 

Type G2. It is a straightforward verification. 

Type F4. Let V = with orthonormal basis (ei)i<i<4. The root sj^tem $ of type 
F4 consists of 24 long roots and 24 short roots: 

±ej ± Sj and ± £», ^(i^^i ± £2 ± £3 ± £4)- 

Assume that S° = {si, 52}- We get that <I>^ is of type D4 and consists of the roots 
±£i ± Ej . We choose the following simple system: 

A-^ = {si - £2, £2 - £3- £3 - £4- £3 +£4}- 
We have = {a; e V\{x, a) > 0, for all a e A^}. In other words 

!a;i — a;2 > 
X2-XZ > 
xz — Xi > 
x^+Xi > 

for all x\,X2,xz,Xi G "^i. In particular, we have xi > X2 > xs > \x4\. The first 
step is to determine the set 05 of roots 7 G $\$^ which satisfies 

Hj,o n "^1 ^ 0. 

We find 

05 = {±2(^1 - £2 - £3 + £4),±2(£i - £2 - £3 - £4)}- 

The set of points {A^+ ^- \ a G fl^} is the set of points {xi,X2,X3,X4) € V which 
are solutions to the systems 



Xi - X2 




X2 - X3 


= 62 


X3 - Xi 


= 63 


^X3 + Xi 


= 5i 



where (Si = or 1. Claim 3' then follows by a straightforward computations. We 
find that (A^+ ^- , 7) G Z in all cases. 
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Assume that 5° = {^1,^2, is}- We get that (I>^ is of type D4 and consists of the 
roots zbsTj, 5(±ei ± £2 ± £3 ± £4)- We choose the following simple system: 

= {^(£1 - £2 - £3 - £4),e2,£3,e4}- 

We have "^i = {a; G V\{x,a) > O,for all a e A^}. The set <B of roots 7 G $\$^ 
which satisfies i?^,o H ^ is 

05 = {±(£2 - £3), ±(£3 - £4), ±(£2 - £4)}. 

The set of points ^- is the set of points {xi,X2,X3,Xi) G V which are solutions 
to the systems 

Xi — X2 — X3 — X4 — di 
^ X2 =52 
X3 = 53 

,2:4 =64, 

where 5, = or | (since for all a G A^ we have a = 2a). Let 7 = £i — ej where 
j > i > 1 and let cr G O^,. Then a defines a partition of A^, which in turns defines 
the 6's. There are 3 cases to consider: 

• Suppose that di — 6j . Then (A^+ ^- , 7) = — a;^- = G Z as required; 

• Suppose that ^ = 6i > 5j = 0. Then a sends £i to a positive root and Sj 
to a negative one. Hence it sends 7 to a positive root. We get 

as required. 

• Suppose that ^ = Sj > Si = 0. Then a sends £» to a negative root and ej 
to a positive one. Hence it sends 7 to a negative root. We get 

(^A+,AJ'')') = ^'~^J' = ~^ 

as required. 

Type B„. Let 1/ = R" with basis (£i)i ^ , ^ The root sytem $ of type B„ 
consists of 2n short roots ±£j and 2n(n — 1) long roots roots ±£j ± Sj. 

Assume that S° = {t}. We get that of type D„ and consists of the roots ±ei±ej. 
We choose the following simple system: 

A''^ = {ei — £2, • • . , £n-l — £«, £n-l + £«}• 

The set 05 of roots 7 G $\$^ which satisfies H-y^o n ^1 ^ is 

» = {±£„}. 
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The set of points ^- is the set of points {xi,X2,X3,X4) G ^ which are solutions 
to the systems 



Xi - X2 
X2 - X3 



= 52 



^Xfi — i -\- Xfi — dfi 

where = or 1. This implies that 0;^ = — 1/2, or 1/2. Therefore we get 



(A, 



A+,A~' 



-1,0 or 1 



as required. 



Assume that Jq = {si, . . . , s„}. We get that of type (Ai)" and consists of the 
roots ±£i. We choose the following simple system: 

= 

The set <B of roots 7 e $\$^ which satisfies H^^q n "^i ^ is 

^ = {£i- ej\i < j) 

The set of points ^- is the set of points {x\,X2,xs,Xi) e F which are solutions 
to the systems 

' xi = 5i 

X2 = 52 

^ Xn ~ 5n 

where 5, = or |. Let 7 = £j — Sj where j > i and let a £ Q,^. Then a defines a 
partition of A''^, which in turns defines the (5's. There are 3 cases to consider: 

• Suppose that 5i — 5j. Then (A^+ ^-,7) = Xi — a;^ = G Z as required; 

• Suppose that ^ = 5i > 5j = 0. Then a sends Si to a positive root and Sj 
to a negative one. Hence it sends 7 to a positive root. We get 

(Aa+,a-'7) =2;i -a;j = ^ 

as required. 

• Suppose that ^ = 5j > 5i = 0. Then a sends Si to a negative root and sj 
to a positive one. Hence it sends 7 to a negative root. We get 



(A 



A+,A-' 



7) — Xi Xj — 



as required. 



Type Cn- Let V = with orthonormal basis (£i)i ^ i ^ «• The root sytem $ of 
type C„ consists of 2n long roots ±2ei and 2n(n — 1) short roots roots ±£i ± ej. 



Assume that Iq = {t'}. Then = $ and the statement is trivial since <i>\<J?-^ = 0. 
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Assume that /q = {si, . . . , Sn-i}- We get that is of type (Ai)" and consists of 
the roots ±2ei. We choose the following simple system: 

The set 05 of roots 7 e $\$^ which satisfies i?^_o n 7^ is 

'& = {e,-ej\i<j} 

The set of points Aa + a- is the set of points (xi,. . . , Xn) € V which are solutions 
to the systems 

' xi =5i 
X2 = 62 



where = or 1 if L{t) = L{t') or where (5^ = or 2 if L{t) > L{t'). We find that 
(A^+ A J ' 7) G Z in all cases. 

Assume that Iq = {s\, . . . ,Sn-i,t'}. It is the same thing as the previous case, 
except that the ^'s only take values or 2. 



Assume that Iq = {t,t'). We get that is of type £>„ and consists of the roots 
zbsj ± Sj. We choose the following simple system: 

= {£1 — £2, • • • , £n-l — Sn-l + 

The set 05 of roots 7 G $\$^ which satisfies ifT,,o n "^i ^ is 

05 = {±2Sn}. 

The set of points Aa + ^ - is the set of points {x\,.. ., Xn) € V which are solutions 
to the systems 

' Xi- X2 =81 

X2-X3 = 82 

where (5j = or 1. Let 7 = 2£„ and let a £ Q^. Then a defines a partition of A^, 
which in turns defines the 6's. There are 3 cases to consider: 

• Suppose that Sn-i = Sn- Then (A^+ ^-,7) = a;„ = G Z as required; 

• Suppose that ^ = 5n-i > 5„ = 0. Then a sends 2e„ = 7 to a negative root 
and we have ^ 

(^A+,A-.7) =a;n = "2 

as required. 

• Suppose that ^ = (5„ > 6n-i = 0. Then a sends 2e„ = 7 to a positive root 



and we have 



as required. 

The proof of Claim 3' (hence of Statement (1)) is complete. 



□ 



Asymptotic lowest two-sided cell 



17 



We now prove (2). Let w' < awW°^^ha be such that w' S c^jj-, and write 

w' = Xw'O-w'w'i ,ba-'- 
Assume that W\^, = . Then since 

and a^^w'^ ^.a^w'^ ^ G W\^, we get (see P^, Proof of Lemma 9. 10]) that either 
h„i < bey or 6(j' — h„ and a^^'W^, < a^^Wy which imphes that a^j' < 0™ as required. 

Assume that W\ , ^ W\^. Write w' — Wa-z' where Wa- G and z' has minimal 
length in the coset W\^w' . 

Note that since w' = w^z' < a^wl h„ we get that z' < h^. But we must have 
z' < b„ otherwise we would have Wa < a^w'^ , which together with the condition 
w' e c^ijj would imply that Wa = J^'w'a ^'^^ some u' G and = X^' ■ 
If we show that 

D' = H{b^,Ao, z'Ao) n H{Ao, b^'Ao) = 
then the result will follow. Indeed if 13' = then there exists an a; G ly such that 
z' = xh„i and X'h„i and we get b„t < h„ since h^i < z <h„. 

Let A' be the unique L-special point which contains z' A^ and z'Aq. A hyper- 
plane H which lies in D' cannot contain A^' (otherwise H ^ H{AQ,bai Aq)) nor A' 
(otherwise H ^ H{hai Aq, z' Aq)) but it has to separate these two points. Hence it 
also separates any alcoves which contains X„t and any alcoves which contains A'. 
In particular it separates aw'W°^ ba'A^ and w' Aq — x^'d^'w'^ ^b^iAo but there are 
no such hyperplanes as we have shown in the proof of Statement (1). □ 

Example 3.11 (positive weight functions). In this example, and only in this 
example, we assume that L is positive. Let ^l{S) be the set of proper subsets / 
of S such that L{wi) — v^. If / G 3^l{S), then Wj ~ Wq (because L is positive). 
Note also that, since L is positive, 

^l(^) = {5a I AGSpei(iy)} 

and {weW \ L{w) ^ vl) = {w/ | / g ^l{S)} = {wa | A g Spei(M^)}. 
Recall also that ^l(VF) = ^(W^). Therefore 

Cmin = {xwiy gW \ x,y & W, X'Wi'V and / G ■^l(S')} 
= {xw\y I a;, y G W, X'W\'y and A G Spe^(VF)}. 

It we set = {z G W \ w\'Z and sw\z ^ c^{^ for all s G 5a} as in [4j Proof of 
Theorem 5.4]. then we obtain the following decomposition of c^^^ 

Cmin = U ^^'^ (disjoint union) 

AeSpe«(lV) 

where Spe^(W^) = Spe^(VF) fl Aq is a set of representatives for the il-orbits on 
Spei(IF) and 

Nx,z = {xwxz I X G ATa}. 
It is easily seen that the set consists of our elements ha and that the sets A^a.z 
correspond to . ■ 
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4. Semidirect product decomposition 

We fix a non-negative weight function L : W —>■ T where F is a totally abelian 
group. The aim of this section is to express the lowest two-sided cell c^jj^ in relation 
to the decomposition of W as semidirect product of two Coxeter groups as in [2J ■ 

4.1. Coxeter groups. If / is a subset of S, we set 

r = {sel \ L{s) = 0} and /+ = {s e / | i(s) > 0}, 

so that I = r(M+. We also set 

/ = {wsw^^ I w e Wio and s G /^} 

and we denote by Wf the subgroup of W generated by /. For simplification, we set 
W° = Ws- and W = Wg. 

Note that, if s G /° and t £ /+, then L{s) ^ L{t), so s and t are not conjugate 
in W. It then follows from [2^ that 

(4.1) Wi — Wio K Wj and {Wj,I) is a Coxeter group. 

If / = 5, we get that 

W = W° K W and (W, S) is a Coxeter group. 

We will assume that W° is finite. Note however, that this assumption is not very 
restrictive when dealing with an affine Weyl group. Indeed, by direct products, we 
can assume that W is irreducible. In this case, either L = (and then c^j^^ = W 
and the problem is uninteresting) or S° is a proper subset of S (and then W° is 
finite because W is irreducible). 

4.2. The group Cl. We keep the notation of Section Let 

Sn = {(^H I -ff is a wall of Aq}. 
Then (51, Sn) is a Coxeter system. Let 

— Wh I -ff is a wall of Aq and Lh = 0} 

and 

5*^ = {an I is a wall of Ao and Lh > 0}. 
Then we have 51 = 0° x 17 where 51° is generated by Sq and 51 is generated by 

Sn ■= {po^HP^^ I /9 e 51° and aH e S^} = Whp | p G 51° and an £ S^}. 
We set 

# = {iJ e I (Iff e 51}. 

It is clear by definition that 51 is generated by {an \ H G JF}. Further, the following 
conditions are satisfied 

(Dl) 51 stabilizes #. 

(D2) The group 51, endowed with the discrete topology, acts properly on V. 
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We prove (Dl). Let e 17 and H E that is an G ^- We have acjHCT^'^ = cfho G 
Cl and, therefore, Ha G ^ . Condition (D2) follows easily form the fact that il, 
endowed with the discrete topology, acts properly on V . 

We denote by Alc(^) the set of alcoves with respect to that is the connected 
components of 

V U 

Let Aq be the unique alcove (with respect to ^) which contains A^ . Then we have 
(see JT, Chapter 5, §3] and ^2, §4]) 

(1) The group f2 is generated by the orthogonal reflections with respect to the 
wall of Aq. 

(2) Aq is a fundamental domain for the action of f2. 

(3) = U ~AqP. 

(4) Any element an G f2 is conjugate in f2 to an orthogonal reflection with 
respect to a wall of Aq . 

It follows that is an afflne Weyl group (see [H §4]). Note that Q, is not necessarily 
irreducible. In fact, as we expect, the group J7 is nothing else that the group 
generated by the reflections with respect to the hyperlanes in = {H G =^ | 
Lh > 0}. 

Lemma 4.2. We have ^ ^ . 

Proof. Let H G J^^. There exists cr G and a wall H' of Aq of positive weight 
such that H'a = H . Write a = pa where p G ri° and tr G f2. Then an'p G f2 and 
we have 

an = CTfH'pO-^^ 

therefore an G (l. 

Conversely, let iJ G =^ that is an G 17. By (4), an is conjugate (in 17) to an' 
where H' is a wall of Aq. By (3), we know that the walls of Aq are of the form Hp 
where iJ is a wall of Aq of positive weight. In particular, H' has positive weight. 
It follows that H has positive weight and H G ."^^ as required. □ 

Finally we want to deflne a root system associated to Vt. Let 

l> := {haa I a G 

where ha is defined to be the smallest integer such that Hafi^ has positive weight. 
We also fix a set of positive roots 

l>+ {baa I a G $^ n $+}. 

Remark 4.3. If 17 is not of type C then we simply have $ = Indeed in this 
case, any two parallele hyperplane have same weights, hence = 1 for all a G <I'^. 
If 17 is of type C, then we may have = 2 for some choices of parameters, namely 
when L{t) > L{t') = (see Convention I^TBl) . ■ 

Remark 4.4. We have 17q — Q.q where 17o — (a//- ^ | a G ■ 
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Lemma 4.5. The group D, is the affine Weyl group associated to Further the 
alcove Aq is the fundamental alcove associated to $, that is 

Ao = {x eV \ < {x,a) <1 for all a £ $+} 

Proof. The first statement is clear since we liave 

= {Hb^a^n I a e $^ n $+, n e Z}. 

The second statement follows easily from the above equality and the fact that 

Ao C Aq. □ 

Doing as in Section [^TTl we obtain another geometric realization of f2, namely as 
a group generated by involutions on the set Alc(^). Indeed, Ct acts transitively on 
the set of faces of alcoves in Alc(=^): we denote by {ti, . . . , tm} the set of il-orbits 
in the set of faces. Note that the set of faces of Aq is a set of representatives of 
the set of orbits. To each we can associate an involution A i— iiA of Alc(^) 
where tiA is the unique alcove of Alc(^) which shares with A a face of type ti. The 
group generated by all the ti is an affine Weyl group isomorphic to fl. We would 
like to use the notation W and S for this group, and eventually we will, but before 
one needs to be careful since W also denotes the group appearing in the semidirect 
product decomposition of W (where W is the group generated by involutions on 
Alc(^)). 

4.3. Alcoves of W. Recall the definition of {W,S) in Section [2T] and that 

S° = {s' e S I L{s) = 0} and 5+ = {s G 5 | L{s) > 0}. 

Then we have W — W° k W where W° is generated by 5"° and W is generated by 

S = {wtw-'^ I < G 5+ and w e W°}. 

Lemma 4.6. Let t ^ S — {wtw~^ \ t G 5+ and w G W°}. Then there exists a 
unique wall H of Aq such that 

iAQ = Aoan- 

Proof. Let w G W° and t G S'^ be such that i = wtw~^ . Let p G 0° be such that 
wAq = Aqp and let H' be the unique hyperplane which contains the face of type t 
of Aq . Then we have 

wtw^^Ao ~ wtAop^^ = wAoaH' p^^ = Aqp^h' p^^ ~ Aquh'p 
and the result follows. □ 

Therefore there is a natural bijection between the set S and the set of faces of Aq 
and therefore between S and the set of orbits {^i, . . . ,tm\'. we will freely identify 
those two sets. Note that an element t G S can be viewed as acting on the set of 
alcoves Alc(^) when it is considered as an element oi W C W but it can also be 
viewed as acting on Alc(^) if t is considered as acting on Alc(^) via the action 
defined at the end of the previous section. In the following lemma, we show that 
these two actions behaves well with one another. 

Lemma 4.7. If w & W, then 

wAq C wAq. 
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From where it follows that 

Proof. Let t £ S. Then tA^ is the unique alcove in Alc(=^) which shares with Aq 
a face of type i, hence we have 

where H is the hyperplane which supports the face of Aq of type i. By the previous 
lemma we see that 

iAo = AoaH- 

Hence since Ao C Ao, the first assertion follows. The second assertion follows from 

Ao^ [j Ap^ U n 

4.4. The lowest two-sided cell of W. Let L denote the restriction of L to W. By 
in Corollary 1.4], it is a positive weight function. Note that we have L{wtw^^) = 
L{t) for aU w e W° . 

Theorem 4.8. We have 
for all (T G Qq . 



Proof. First, since ^ — 3'^ and C Ao we see that 
Then applying the results of the previous section we get 

c^^J^W) ^{w^W\ w{A^) t ^^(Ao)}. 
Let w G c^jjj and write w = w°w where w° G W° and w ^ W. We have w°'wAo ^ 
'W^{Ao) that is w°wAo ^ '^^{Aq). Since the only hyperplane separating wAq and 
■w°wAo are hyperplanes of weight 0, this implies that wAq ^ ^^(^o)- Hence, by 
Lemma HTfl we get that wAq ^ '%^[Aq) and w G c^-^^SW^ ^ required. 

Conversely let w°w G W° ■ c^^^. Since w G c^j^ we have wAq ^ '^^{Aq). By 
Lemma 133 it follows that wAq ^ '^^{Aq) and w°wAo ^ '^^^{Aq) as required. 

The second equality in the theorem follows easily from the fact that CIq = Hq, 
Lemma 14.71 and 

N^{W) ^{w€W \ wAo C and N^(W) = {weW \ wAq C <}. 

□ 

Remark 4.9. Since 

Cmin(^). c^in(^) ^nd W° are stable by taking the inverse, we 

get that 
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5. Kazhdan-Lusztig cells 

5.1. Iwahori-Hecke algebras. Recall that F is a totally ordered abeliaii group, 
whose law is denoted by + and whose order relation is denoted by ^ . Let ^ be 
the group algebra of F over Z. We shall use the following notation for si^ 

— (B Iv^ where .v^ — v"'^"' . 

Let L : F be a weight function. For s £ S we set Vs — v^'-^K 

We denote by = J^{W, S, L) the corresponding generic Iwahori-Hecke al- 
gebra, that is the free associative ^-algebra with s^-hasis {T^ \ w S W} and 
multiplication given by 

(a) T^T^, = T^^, if l{ww') = l{w) + l{w') 

(b) T2 = {v, - vJ^)T, + 1 if s G ^. 



Let ~ be the involution of ^ which takes to It is well known that this 

map can be extended to a ring involution on (we will also denote it by ~) via 
the formula: 

-1 



For all w G W, by [14), Theorem 5.2], there exists a unique element G 
such that 

• G T„ + (0^<^ ^<oT«) where ^<o = ©^<o Zv^. 

From the second condition, it is clear that the set {Cw:W G W} forms an ^-basis 
of known as the Kazhdan-Lusztig basis. 

We write 

= ^ Py,wTw where Py^^ G £/. 
yew 

The elements Py,w are called the Kazhdan-Lusztig polynomials and they satisfy the 
following properties ([IH §5.3]) 

(1) Py.y - 1 

(2) Py,^ = if y ^ 

(3) Py.ni e ^<o ify <w, 

(4) Py.^ = vJ^Psy,w sy > y and sw < w. 

Following [m §6], we now describe the multiplication rule for the Cu,'s. For each 
y,w G W and s G S such that sy < y < w < sw we define My G ^ by the 
inductive condition 



y<z<w 
sz<z 



and the symmetry condition 
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For w € W and s £ S", we obtain the following multiplication formula for the 
Kazhdan-Lusztig basis 

fc,u,+ E Ml^C, iiw<sw, 

CgCyj — < z;sz<z<w 

y{vs+v~^)Cw, iisw<w. 
Since = + w^^Ti for all s £ 5, one can see that 

{Csw - v^^Cw + E ^'^.wCz, liw < sw, 
z-sz<z<w 
VgCw, if sw < w. 

We will also need the following relation for Kazhdan-Lusztig polynomials. Let 
y < w £ W and s G S such that sw < w. We have 

(f) Py^w '^sPyjSiu Psy,sw ^ ^ Py^z-^^z.sw If ^ y 

y <js<sii! 
sz<iz 

(2) Fy^^ = w^^P^y^^ if sy > y 

Finally we define the preorders <s^^ ^se, "^^m as in ^14j. For instance <^ is the 
transitive closure of the relation: 

y w <;=^ there exists s £ S such that My ^, 7^ 0. 

Each of these preorders give rise to an equivalence relation and 
The equivalence classes associated to and '^^m are called left, right and 

two-sided cells, respectively. The partition of W in cells depends on the choice of 
the weight function. The preorders <^s£Si induce partial orders on the left, 

right and two-sided cells, respectively. 

Remark 5.1. We have a; y if and only if y~^ [T4j §8]. It follows easily 

that a union of left cells which is stable by taking the inverse is a also a union of 
two-sided cells. ■ 

Remark 5.2. All the above can also be defined for weight functions which take 
negative values. It is shown in [1] that the partition into cells with respect to a 
weight function L~ is the same as the partition into cells with respect to L where 
L is defined by 

fLGs) ifL-(.)>0, 
^ ^ [-Lis) if L-(s) < 0. 

Note that L is a non-negative weight function. Hence the computation of Kazhdan- 
Lusztig cells can be reduced to the non-negative case. ■ 

5.2. Kazhdan-Lusztig lowest two-sided cell. In the case where L is a positive 
weight function, it is a well known fact that there is a lowest (Kazhdan-Lusztig) 
two sided cell with respect to the partial order <^gi- This two-sided cell has been 
thoroughly studied [HI [111 [HI [H [S] and it is equal to 

^min = {xwy I w £ X'W'y and L{w) = v^] 

(Hence the name for the set c^jj^.) The aim of this section is to show that this 
presentation also holds for non-negative weight function. 
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Let L be a non-negative weight function. Then, fohowing Section |4l we have 
W = W° K W. Let L be the restriction of L to W. Then L is a positive weight 
function on W and L{wtw~^) = L{t) for aU w G W° and t G 5+. We denote by 
= Jf{W, S, L) the corresponding Hecke algebra. The group W° acts on W 
and stabihzes S and i, therefore it naturally acts on Jif and we can define the the 
semidirect product of algebras 

W° K J^. 

It has an ^-basis (cc • Tw)^^-iyo and the map 

defines an isomorphism of -algebras from to J^{W, S,L). The cells of (W, S, L) 
can then be described in the following way. 

Theorem 5.3. Corollary 2. 13] J The left cells (respectively the two-sided cells) 
of {W,S,L) are of the form W°.C (respectively W°.C.W°) where C is a left cell 
(respectively a two-sided cell) of(W,S,L). 

Finally we are ready to prove one of the main result of this paper which gives a 
general presentation of the lowest two-sided cell, including the case when the weight 
function L vanishes on some generators. Note that this theorem is already known 
when the parameters are positive: see [151 [H] for the equal parameter case and [H 
§5], [T71 Chapter 3] and [9] for the unequal parameters. 

Theorem 5.4. Let (W, S, L) he an irreducible afftne Weyl group and let L he a 
non-negative weight function on W . Set 

vr — maxw/ and W — \ \ Wi 
ICS ^ 

ICS 

where I runs over the subset of S such that Wi is finite. Then the lowest two-sided 
cell of W is 

*^min ~ {xwy I w G W , X'wy and L{w) — vl}- 
Further, the decomposition of c^^^ into left cells is 

c^ . = I I 

Proof. As mentioned previously this result is already known when i is a positive 
weight function. On the one hand, by Theorem [531 the lowest two-sided Kazhdan- 
Lusztig cell of W with respect to <^3i and the weight function L is 

W° ■c-W° 

where c is the lowest Kazhdan-Lusztig cell of {W, L). But in this case we know 
that 

c = ci^iW) 

since i is a positive weight function. Then the result follows from Theorem 14.81 
where we proved that 

W° ■ ci„(l^) • W° = c^i„(W^). 

The left cells lying in c^^^ are of the form W° ■ N^(W) where N^{W) is a left ceU 
of c^i^(W^). Once again, by Theorem EH we know that W° ■ N^{W) = as 
required. □ 
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6. On the asymptotic semicontinuity of the lowest two-sided cell 
In this section, we fix a totally ordered abelian group F. 

6.1. Semicontinuity conjecture. Let S = {wi, Wm} be the set of conjugacy 
classes in S. Let Z[5'] be the free Z-module with basis S and let V = R Z[S]. 
We shall view the elements of Z[S] as embedded in V'. We denote by w^, . . . , 
the dual basis of oji, . . . ,uJm- For {ni, £ Q'' — {0} we set 

Hniuji+...+7i^ij^ := ker(^nia;*). 
Such an hyperplane is called a rational hyperplane. 

Since F is torsion-free, the natural map F QS^zT is injective, so we shall view 
F as embedded in the Q- vector space Q F: in particular, if r 6 Q and 7 G F 
then r"f is well-defined. Moreover, the order on F extends uniquely to a total order 
on Q (E>z F that we still denote by <. 

Following [3J we now introduce the notion of facets and chambers associated to 
a finite set of rational hyperplanes. Let H = -ffniwi+...+n„Lj„ where Ui G Q. We 
say that a weight function L G Weight(W, F) lies on H if we have 

m 

1=1 

We say that two weight functions L,L' lie on the same side of Hn-^oji+...+nr„uj^ if 
we have 

rn m 

njL^LUi) > and niL'{uji) > 

1=1 i=l 

or 

rn m 

niL{uJi) < and niL'{uJi) < 0. 

1=1 i=l 

Let be a finite set of rational hyperplanes. We define an equivalence relation on 
Weight(VF, F): we write L L' if for all iJ G we have either 

(1) L,L'eH; 

(2) L, L' lie on the same side of H. 

The equivalence classes associated to this relation will be called Sj-ia,cets. A Sj- 
chamber is a i^-facet ^ such that no weight function in ^ lies on a hyperplane 
H eSj. 

Remark 6.1. In [3| the equivalence relation ^.p, is defined on V' in the following 
way: A ^ V ii for all for ail H E Pj we have either 

(1) x,^,eH■, 

(2) A, ^ lie on the same side of H. 

There is a one to one correspondance between the equivalence classes of this relation 
in V' and the sets of facets in Weight(VF, F). We will freely identify those two sets. ■ 

For an S)-i'Acet ^ we denote by the parabolic subgroup generated by 
{s G S\L{s) = for all L G ^}. 
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We say that a subset X of is stable by translation by Wi {I C S) on the left (re- 
spectively on both sides) if for all w X we have zw G X (respectively zwz' E X) 
for all z € Wj (respectively for all z,z' e Wj). Finally we denote by ^_jf(L) (re- 
spectively 'r^^3g{L)) the partition of W into left (respectively two-sided) cells with 
respect to the weight function L. 

We can now state the first author's conjecture for the partition of W into cells. 
It is enough to state it for left and two-sided cells (see Remark lS.ip . 

Conjecture 6.2. There exists a finite set of rational hyperplanes ofV' satisfying 
the following properties 

(1) If Li,L2 are two weight functions belonging to the same S}-facet ,^ then 
^^{Li) (respectively 'i^sf^iLi)) and'ia^{L2) (respectively ^<o^,^{L2)) coin- 
cide (we denote these partitions by ^^{^) and '^^.^{^)). 

(2) Let ^ be an S)-facet. Then the cells of '^^(^) (respectively "^^sgi-^)) 
are the smallest subsets of W which are at the same time unions of cells 
of^s^iC) (respectively '^if^(C)^ for all chamber C such that ^ C C and 
stable by translation on the left (respectively on both sides) by W^. 

Remark 6.3. There are no restriction, such as non-negativity, on the weight func- 
tions in this conjecture. However, changing the sign of some values of the weight 
function L has no effect on the partition of W into cells (see Remark 15. 2p . There- 
fore, to prove the conjecture, it is enough to find a finite set of rational hyperplanes 
Sj such that Statements (1) and (2) hold for all non-negative weight functions. In- 
deed, the conjecture will then hold for the minimal finite set of hyperplane which 
contain Sj and which is stable under the action of the linear maps Ti : V V 
defined by Ti{uii) — —uji and Ti{uJk) = Wfc \i k ^ i. 

When only looking at the lowest two-sided cell. Statement (1) in the above 
conjecture is a direct consequence of Theorem 15.41 (see below). We denote by 
Left(c4i„) the set of left cells of (W, S, L) lying in 0,^;^^. 

Corollary 6.4 (of Theorem 5.4). Let W be an irreducible affine Weyl group. There 
exists a finite set of rational hyperplanes such that 

(1) If Li,L2 are two weight functions belonging to the same Sj-facet ^ then 
Cmin = ^n^in (^^ dcnotc this sct c^^J and Left(c,^^J and Left(c,^^„) coin- 
cide (we denote this partition by LeR{c'^^^)). 

Proof. By Theorem 5.4, c^^^^ only depends on the values of L on the elements of 
the set W (see Section 13. ip . But W is finite, hence it is easy to find a finite set of 
rational hyperplanes such that (1) holds. □ 

In the remaining of this paper, we will prove the following theorem which is con- 
cerned with the asymptotic behaviour of the lowest two-sided cell, hence providing 
new evidences for the semicontinuity conjecture. 

Theorem 6.5. Let W be an irreducible affine Weyl group. There exists a finite set 
of rational hyperplanes Sj satisfying property (1) in Corollary ] 6. 4\ md satisfying the 
following property: if ^ is an Sj-facet which is contained in Hi^. for some i, then 
•^min union of two-sided cells of 'S'^si{C) and the left cells in Left(c;J;jj) are 
union of left cells of^^_^{C) for all S)-facets C such that ^ (Z C . 
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Remark 6.6. (a) At the end of this Theorem, we really mean for all Sj -facets C such 
that C C and not for all Sj-chambers C such that ^ <Z C . It is clear that if it is 
true for all i^-facets such that ^ C C then it will also be true for all Jo-chambers C 
such that ^ <Z C' . But the converse is true only if the semicontinuity conjecture 
holds! 

(b) Arguying as in Remark 16.31 to prove the theorem, it is enough to find a finite 
set of rational hyperplanes such that (1) and (2) holds for non-negative weight 
functions and then take its closure under the action of the r^'s. 

(c) To prove the theorem, it is "enough" to show that the left cells in Left(c^jjj) 
are union of left cells of "^^(C) for all f)-facets C such that ^ C C. Indeed c^j^^ 
is stable by taking the inverse, hence, by Remark 15.11 if it is a union of left cells of 
"^^^jf (C), it is also a union of two-sided cells of '^s?3e{C). ■ 

6.2. Irreducible afRne Weyl groups of type B„ , F4 or G2. Let (VF, S) be an 
irreducible affine Weyl group of one of the following types 

t Si S2 

G2 : O 

S2 Si ti 1-2 ts 

F4 : O C^^D O O 



B„ : O 




Then \S\ — 2. We set S — {s,t} where s (respectively t) is the subset of 5* which 
consists of all the generators named with the letter s (respectively t). In this case, 
we will identify Z[S^] with through — > is + jt. 

Let mi,m2 G Q>o- We define the following finite set of rational hyperplanes 
of V 

55(mi, 777,2) := {i/s+mit t , Hs-m2t ,Hs,Ht}. 

Note that Sj{m,M) is stable under the actions of the Ti (see Remark 16 .Sp . In 
Figure[Tl we draw the finite set of hyperplanes Sj{m, M) for some choice of constants 
M,me Q>o. 

The set of weight functions corresponding to the i^-facet ^{fi of V' is 

{L e Weight(W^, F) I i(s) > TOi ■ L(t) and L(s), L{t) > 0}. 

Theorem 6.7. There exists mi, m2 G Q>o such that Theorem ] 6. 5\ holds forf)(mi . 7779). 

The proof of this theorem will be given in Section 18.21 

Remark 6.8. Note that this theorem is equivalent to Theorem 1. Let i be a non- 
negative weight function on W which vanishes on a proper non-empty subset S° of 
S. Then we have either L ^ Hg or Ht- Assume that L E Ht, that is L{t) = for 
alH G t. Let c be an i-cell contained in c^^^^^ (note that we have either c = c^^n 
or c = for some tr G ^q)- Then Theorem 1 implies that there exists an integer 
m such that for all weight functions L' such that L'{s) > m ■ L'{t), the set c is a 
union of L'-cells. In other words, c is a union of i'-cell for all weight function L' in 
'■^i (with mi = 77i). Conversely, if Theorem 6.9 holds, then Theorem 1 holds for all 
for any integer m greater than mi. The case L G Hg is similar using m = l/m2. 
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Figure 1. Set of hyperplanes io(m, Af) 




6.3. Irreducible afRne Weyl group of type C. Let W be an irreducible afHne 
Weyl group of type C with diagram as follows 

t Si Sti — 1 t 

Then \S\ = 3. We set S = {t,s,t'} where t = {t}, s = {si, . . . ,s„_i} and t' = {t'}. 
In this case, we will identify ZfS*] with Z'^ through (i, j, k) — > it + js + kt' . 

Let m — (rrii, . . . , mg) G Q>o- We define the following finite set of rational 
hyperplanes of V' 

-fft'-m4(s+t), ^?(t-t')±m5Sj ^^(t+t')-m6s}- 

We then set ^(m) to be the closure of i5(m) under the actions of the (see 
Remark 16. 3p . In Figure [2l we draw the finite set of hyperplanes S){m.) for some 
choice of constants m 6 Q>o- We intersect on the affine hyperplane with equation 
s*(/x) — 1. We put an arrow in a chamber pointing towards C V' to indicate 
that 7^ 0. 

The chamber corresponds to the weight functions 

{L I L{t) > L(t'), L{t') > ma • £(s), i(t) - L{t') < ■ L{s)}. 

Theorem 6.9. There exist m e Q5,q such that Theorem 1 6'. 51 holds for .^(m). 

Remark 6.10. Theorem 16.91 is stronger than Theorem 1. Indeed, let L be a non- 
negative weight function on W which vanishes on a proper non-empty subset S° of 
S. Then, Theorem 1 only gives us informations on weight functions L' satisfying 
L'{s^) — L{s^) for all s+ G . However, in Theorem 16. 9( we may have L'{s^) ^ 
L(s+) for some s+ e 5+. For instance, if i(t) = i(t') > and L(s) = 0, then 
Theorem 16.91 implies that for all weight functions L' such that 

{L' I i'(t) > i'(t'), i'(t') > m2 • L'(s), i'(t) - L'(t') < rns • L'(s)} 
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Figure 2. Set of hyperplanes Sj{m) 




any L-cell contained in c^^jj^ is a union of L'-cells. But Theorem 1 does not tell us 
anything in this case as we do not have L'{t) = L{t) — L{t') — L'{t'). We now 
show in more details that Theorem 16.91 implies Theorem 1. 

(i) Assume that S° = s and L(t) = L{t'). Let m > max{mi,TO2}- Then if L' 
satisfies L'(t) L'(t') > mL'(s) we must have L' e "^i n But "^i n 
contains L in its closure, therefore Theorem 16.91 tells us that any i-cells 
included in c^^jj^ is a union of L' cells (see also Claim IS.lOp . 

(ii) Assume that S° — s and L(t) > L{t'). Let m be such that 

L(t)-L(t') , , 

m > Lit) and m > m.2. 

m5 

Then if L' satisfies L'(t) = L{t) > mL'{s) and L'(t') = L(t') > mL'(s) we 
must have 

i'(t') - L'(t) > m^L'is) and i'(t') > m2i'(s) 

that is L' e "^^2 U "^3 U n ^). Then Theorem 1 then follows from 
Theorem ESI (see also Claim El]). 
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(iii) Assume that 5° = sUt'. Let m be such that m > 2m3. Then if L' satisfies 
i'(t) = L(t) > mi'(s) and L'(t) = i(t) > mL^t') we must have 

2L'{t) > 2m3(i'(t') +i'(s)) 

that is L' G U "^4 U n ^). Then Theorem 1 then follows from 
Theorem!^ (see also Claim [531) • 

(iv) Assume that 5*° = t' U t that is L G Hf fl Ht . Let m be such that m > — . 
Then if L' satisfies i'(s) = L(s) > mL'{t) and i'(s) = L{s) > mi'(t') we 
must have mQL'{s) > L'(t) +L'(t'). In other words L' G and Theorem 1 
follows from Theorem 16.91 (see also Claim 18. 6p . 

(v) Assume that 5° = t'. Then the result is trivial since c^^jj^ = c^^jj^ for all 
L, L' such that 

• i(t),L(t') > L{t') = 

• i'(s) = i(s),i'(t) = i(t) > L'(t') and L'(t') > 0. 

Remark 6.11. In this remark, we explain why we do need an hyperplane of the form 
-ff(t-t')-m5s in our finite set of hyperplanes in Theorem l6.91 eventhough the lowest 
two-sided cell is the same whether the weight function lies in '^i or '^2- Assume 
that W is of type C2. It is shown in [111 [T2] that Conjecture 16.21 holds for the 
following set of hyperplanes 

. r ^ ^ ^ ^ 3^ ^ 1 

.= 1=^^(1,0,0), =^0,1,0): =^0,0,1)' =^£,£,0) J ^0,£,e), =^e,0,e), =^£,£,6), =^(e,2e,£) }■ 

We describe this set of hyperplanes in Figure |31 projecting on the affine hyperplane 
with equation s*(/^) = 1. 



Figure 3. Hyperplanes in i^. 
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In the figure below, we show the partition of W into cells for a weight function 
in Ci and for a weight function L' such that L'{s) = and L'(t) > L'(t') > 0. The 
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set Cj^in consists of the yellow alcoves. We see that c^i^ is NOT a union of cells of 
{W, S, L). Hence, we need the hyperplane i?(t-t')-m5s so that there are no weight 
function L' such that L'{s) = and L'{t) > L'(t') > and which lies in the closure 
of -Ti (see Figure O. 




Partition of W into cells for L e Ci. Partition of W into cehs for L' . 



7. Proof of Theorem 16.51 in the generic setting 

7.1. Hypothesis and notation. Let {W,S) be an irreducible affine Weyl group 
generated by S. Let S = S° U be a partition of S such that no element of 
5'° is conjugate to an element of and 5*°, S'^ ^ S. For a subset / of S" we set 
1° — I n S° and — I n . We denote by S the set of conjugacy classes in S in 
W and we set 

S+ = {uje S\oj C S+} and S° = {lj e S\lj C S°} 

As in the previous section, Z[S'] denotes the free Z- module with basis S and 
V = R(E)z Z[S*]. We identify Z[S] with Zl^l. 

A subset X of Z[S'] is called positive if the following three conditions hold 

(1) Z[S] =XU{-X); 

(2) X + XcX; 

(3) X n {-X) is a subgroup of Z[S]. 

Any positive subset X defines a total order <x on T := Z[S]/(X n {—X)) simply 
by setting 

7 >x ■^=^ all the representatives of 7 belong to X. 

We briefly explain how to classify all the positive subsets of Z[S]. Let ^(Z[S']) 
be the set of all sequences [ipi, . . . , ipd) such that ifi is a non-zero linear form defined 
on ker((/3i_i) C V, with the convention that ipQ = 0. Then we can associate to 
<i> = (</?!,... , ifd) E ^{Z[S]) a positive subset Pos($) of Z[S] by setting 

Pos($) = {7 G 1[S] I 3 < fc < d - 1;7 e kervJfc and (pk+i{-f) > 0} Ukerc^^. 

It can be shown that all positive subsets can be obtained this way. We denote by 
^+{Z[S]) the subset of ^{Z[S]) which consists of all sequences $ = {fi, . . . ,(fd) 
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such that 

(^1 = u)* and ipki^) > for aU w e 5. 

Hypothesis. From now on and until the end of this section, we 
fix a positive subset X = Pos{^) such that $ G ^3^+(Z[S']). In type 
C we assume that t > t' . 

To simphfy the notation, we wiU denote by < the total order on F instead of <x- 

Example 7.1. Assume that W is of type Br, F4 or G2 and let 5+ = {s} and 
5° = {t}. Let X G ^+{Z[S]). Then we have ipi = s* and kei{ifi) = Rt. Since 
we assumed that <y52(t) > we must have ip2 = nt* where n > 0. It follows that 
r = Z[5] and that the order on F is simply the lexicographic order: 

< («',/) i<i' or {i = i' and j < /). 

Assume that W is of type and that 5+ — t. Let (pi — t* and be defined 
by (^2(0, j, /c) — bj + ck for 6, c G N. Then we have ker((/32) — ((0, — c, 6)). Finally 
we define ips by (^3(0,-0, 6) — 1 and we extend it by linearity. Then the order 
associated to {ipi, (p2, ips) can be describe as follows: 

I {i,j,k)>0} = {{i,j,k) \i>0}u{{0,j,k) I bj+ck >0}U{{0, -kc,kb) I fc >0}i 

Let L : W — > F be the weight function defined by L(s) — oJi if s G w^. Let A be 
the group algebra of F over Z. Recall that we use the exponential notation for A 

A = Zv'^ where v"^ .v^ = v'^^'^ . 

Let H = Jif{W, S, L) be the associated Hecke algebra. We will denote by T^; the 
element of the standard bases of H, by C^. the elements of the Kazhdan-Lusztig 
basis of H and by Px.y, 'M.^.y the polynomials in A defined in Section [O] We set 

A<o = ©Zi-^ , A>o = ^Zv-r 

7<0 7>0 

and 

H<o = ^A<oTu,. 

We denote by + : F — ?> F (respectively °) the map induced by the projection of 
Z[5] onto ©^gg+Zcj (respectively ©^g^oZw). For a — '^^^■p o.jv'^ G A we define 

deg(a) = max{7 G F | a-^ 7^ 0}. 

We will write deg^(a) instead of deg(a) + . 

Remark 7.2. Note that if a = '^a^v^ satisfies Lpi{deg^ (a)) < 0, then a G A<o. 
Indeed, if ^ 0, then 7 = 7+ + 7° where 7+ < deg'^(a). Applying ipi yields 
'■Piil) — '/'I (7^) + < ipi{deg^ (a)) < that is 7 < as required. ■ 
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In this section we will have to distinguish the following cases. (We keep the 
notation of Section [6T2] and l673l ) 



Case 1. is of type B^, F4 or G2. 
Case 2. W is of type C^, S+ ^ {t,t'}. 

Case 3. W is of type C^, S+ = {t, t'} and (-1, fc, 1) < for aU fc > 0. 

Case 4. W is of type C^, = {t,t'} and (-1, fc, 1) > for some fc > 0. 

If we are in Case (l)-(3), we define the weight function L+ by 

L+(w) = L(w) if w e 5'+ and L+(a;) = if w G S*". 
Hence we have L+(w) = (L(w))+. 

If we are in Case (4), we define the weight function L+ by 

L+(t) = L+(t') = t and L+(s) if s G s. 
Note that in this case, we have L+(?i;) ^ (L(u')) + . 

Recall that, for a weight function L, we say that a hyperplane H of direction a is 
of maximal L- weight if Lh — where Lq, = maxnez Ha^n- Let H, H' G Then 
we have either ^ Lemma 2.2] (a) Lh = Lh' or (b) W is of type C^, H contains a 
face of type ti and H' a face of type t2 and {ii, ~ {t, i'} and L{t) ^ L{t'). 

Lemma 7.3. Let X be a Jj^ -special point and let H be an hyperplane orthogonal 
to a which contains A and such that L^ > 0. Then in Case 1-3, L/f is of maximal 
li-weight. In Case 4, we may have Jjh = t' < t = L^ . 

Proof. Let A be a L+-special point and let H be an hyperplane which contains A 
and such that Lj > 0. In Case 1, the result is clear since any hyperplane is of 
maximal weight. In Case 2, since t > t' and 5+ 7^ {t,t'}, we must have t' C 5*°. 
If t G 5"°, then since > we have Ljj — s and H is of maximal weight. If 
t' G S^, then since A is a L^-special we have S\ = {t,si, . . . , s„_i} and we have 
Lh = t or Lh = s and the result follows. In Case 3, since t > t', we must have 
S\ = {t, si, . . . , Sn-i} and the result follows as above. Finally in Case 4, the result 
is clear. □ 

Remark 7.4. In Case 3, if deg^(a) < (—1,0,1) then a G A<o. Indeed, we have 
deg(a) = deg^(a) + 7 where 7 G ker{tpi). But then 7 = (0, fc, 0) for some fc G Z. 
Therefore deg(a) = (-1, fc, 1) < 0. ■ 

7.2. Generalized induction of Kazhdan-Lusztig cells. Recall that every ele- 
ment w G cj^jjj can be uniquely written under the form XuiCiwW\^ba where a G fig , 
Ow G Ws° and Xw G Xx . For a G , we set 

:={w eW \ w = xawx„b^,x G Xx„,ae Ws- }, 
Ua '■= {w \ w = awx^ba,a G Ws° } 
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and 

U 
U 

For u = aw^ j/o- € C/ct, we set '■— . 

Theorem 7.5. For all a G f^Q^, f/ie set together with the collection of subsets 
{Xu I u G U^} satisfy the following condition 

11. for all u G , we have e G X„, 

12. /or a// u G and x G X^, we have l{xu) = £{x) + £{u), 

13. /or a/Z u,v G such that u ^ v we have X^u H X^v — 0, 

14. t/ie suhmodule ^ :— (Tj^Ci,! u G C/J^, x G X^,)^ C ^ is a left ideal. 

15. for all V G C/^ and y G X„ we have 

TyC^ = Ty^ + ^ ^ ctjjt, yiiTj;^^ mod H<o 

£(a:ii)<^(yj)) 

Assuming that this theorem holds, we would get, using the Generalised Induction 
Theorem [TTl Theorem 6.3], that the set 

^{xu\ueU^,xeXu} 

is a left ideal of (W,L) (i.e. y <sf w G implies y G Nf) for all a G Qq* . 
In particular it would be a union of left cells. Then by an easy induction on the 
length of bcr G W, we would get that each is a union of left cells. In turn, since 
c^[^ is stable by taking the inverse, this would implie that c^^^ is indeed a union 
of two-sided cells of {W, L). 

Remark 7.6. Condition 15 is stated slightly differently in fTD, §6]: for all v E U , 

y G Xy we have 

TyCy = Ty^ + ^ ^ axu,yvTxCu T^od Jif!(^Q 

xu{Zyv 

where IZ denotes a preorder such that xu n. yv implies £{xu) < £{yv). It is a 
straightforward induction on £(xu) to show that those two conditions are equiva- 
lent. ■ 

7.3. Kazhdan-Lusztig Polynomials and M-polynomials. Let x G W and let 

/ C 5 be such that Wj is finite. There exist unique x' G Wj and G Xj'^ such 
that X = x'dx- Next x' G Wi can be uniquely written as x' — au where a G Wjo 
and u has minimal length in the coset Wjox' of Wj. We will write x = al.ul.dl. 
for this decomposition or simply x = a^Uxdx if it is clear from the context what 
the subset / should be. We denote by w°j (not to confuse with w/o ) the element of 
minimal length in the coset Wiowj. 

Remark 7.7. Note that, for all a G W/o and all i G we must have tawj < awj 
since the number of elements of appearing in any reduced expression of awj is 
maximal. ■ 
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Lemma 7.8. Let I <Z S be such that Wi is finite and let y G W be such that 
y = aWjZ where a G Wjo and z G ■ Let x = axUxdx < y. Then 

deg+(P,,^) <L(?/,)+-LK)+ 

Furthermore, for all s G 5"° such that sx < x < y < sy we have 

Proof. We prove the result by induction. To this end, to any element x,y G W 
satisfying the hypothesis of the lemma, we associate a pair 

^{x,y) ■.^{e{y)~i{x),eo-e{ax)) 

where £o — £{wio) and x — a^u^dx- We order such pairs by the usual lexicographic 
order. Let x < y. If L('Uj,)+ = L(wj)+ then the result is clear. Thus we may 
assume that L(iij;)+ < L(u)j) + . 

First assume that there exists t G such that tx > x. Then, since ty < y, we have 

x,y — ^ tx,y 

and the result follows by induction. 

Next assume that tx < x for all t G Since we supposed that 'L{ux)^ < L(w|)+, 
there exists s G /q such that sx > x. If sy < y then 

P — ?;^'"('')P 

x.y — ^ sx,y 

and the result follows by induction since £q — £{sax) = £o — i{cLx) — 1- 
If > y then we have 

(+) p — ii'^t^'P 4- P - \^ P M'' 

V I / sx,sy — ^ ^ sx,y ^ ^ x,y / ^ ^ sx,z^^^z.y 

sx<z<y 
sz<z 

By induction we know that 

deg+(x;L(«)p^^^^) < L(y,)+ - LK)+. 

Further if M.^ y ^ then L(uz)^ = L(wj)+ where z = UzUzdz- We know that 
deg(M* ^) < L(s) (see [Ml §6.3]). Thus if M^ y ^ 0, we get using the induction 
hypothesis 

deg+(P,,,,M^^^) < L{ux)+ - LK)+. 

Now we have 

^(sx, sy) = {e{sy) - i{sx), 4 - iisxo)) = {i{y) - ^(x), 4 - ^(a.) - 1) < ^x,y. 
Hence by induction 

deg+(P,,,,^) < LK,)+ - LK)+ = L{ux)+ - L{w°j)+ . 
The result follows using (|). □ 

Remark 7.9. The same proof can easily be generalised to any Coxeter group (W, S). 
Assume that W is finite and let ws be the longest element of W. Using the previous 
lemma, we can show that 

W50 and Ws^wq 

are rmion of cells of (W, S, L). Indeed, let y G Ws^ws and let w G Ws" be such that 
y = wwg and W'Wg. Let a; G be such that x <^ y. We may assume that there 
exists s e S such that sx < x < y < sy and ^x,y 0- Note that y < sy we implies 
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that s E S°. Write x — a^u^d^. Since y ^ the previous lemma imphes that 
L(uf ) = ^{wg) where which in turn imphes that x G Ws°ws. Thus we have shown 
that Ws'>ws is a left ideal of W and thus a union of (left, right and two-sided) cells 
of {W,h). Multiplying by the longest element sends (left, right and two-sided) cells 
to (left, right and two-sided) cells thus we get that Ws" is also a union of (left, 
right, two-sided) cells of (VF,L). This argument provides an alternative proof of 
Theorem 1.1 in |ilOj when W is finite. ■ 

7.4. Multiplication of the standard basis. We set 

Ta;Ty — ^ ^ fa:,y,u;Tu) where ^x^y^w E A. 

w 

Following [HI §2.3], we want to study the degree of the polynomials fx,y,w We will 
need more precise result than in [9J, but the method of the proof is similar. 

We introduce some notation. For a G we set — {Ha,n \ n E 'E}. For 
x,y € W we set 

Hx,y = {He.^\He H{Ao,yAa) n H{yAo,xyAo)}, 
For a G Ix.y we set 

cl! ,,(a) = max Lh- 

Let 

'^x.y ^ ^ ^x,yi'-^)- 

The following two lemmas can be found in [9]. 

Lemma 7.10. Let x,y £ W and s ^ S be such that xs > x. Then 

-^x.sy ^ ^xs,y- 

Lemma 7.11. Let x,y £ W and s £ S be such that xs > x and sy < y. Let 

a G and n £ be such that Ha.n is the unique hyperplane separating yAg and 
syAo. There is an injective map if from Ix^y to Ixs.y — {p^- Furthermore G Ix,y 
we have either ip{l3) = /3 or (p{(3) = ±crH„ oiP)- 

Using these two lemmas, one can obtain the following bound on the degree of 
fx ,y,z in terms of x and y. 

Theorem 7.12. We have deg{{x,y,z) < c^^y for all z eW. 
Note that this implies that deg^ (tx^y^z) < {(^xy)^- 

Let X = sn ■ ■ ■ si be a reduced expression of x. We denote 3x,y the collection of 
all subsets / = {ii, . . . , ip} such that 1 < zi < . . . < ip < fc and 

•^■it • • • ^«t-i ■ • ■ "^ii • • • ^ ^it • • • ■ ■ • ^ii ■ • • "^iV- 

For all / = {ii, . . . , ip} G 3x.y and all 1 < fc < p, we set 

Xk = sn ■ ■ ■ Sip . . . Si^ and yk = Si^ . . . St^_-, . . . . . . siy 

and 

zi ^ sn ■ ■ ■ . . . . . . siy. 
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Then we have Proof of Proposition 5.1] 

/e3^,y \fc=l / 

Hence 

p 
fc=i 

Fix k such that 2 < k < p. Using the previous lemmas, there exists an injective 
map ipk such that 

T - T .... IK T ... 

-^Xk,yk ~ ^sn ■■■Sij,...Sij^,Si^...Si^_^...Si-^...siy ' -^sn ...Sip ...Si^. .Si^. ...Si^_ ^ ...Si^ ...sij^ 

^ ^SAr...Sip...Si^(Sij._l...Sij,_^+l),Jij._^...Sij...Sil/ = Ixk-l,yk-l 

Thus we have a sequence 

If we denote by ai^, the positive root such that the only hyperplane separating ytAk 
and Sii,ykAQ lies in ^a;^ then we have 

{aii,(/3i(aij, ■■.,{(pi. . .(pp-i){aip)} C J^^^^. 
Theorem 7.13. Let w — a^^w'^ ba £ c^^. Let x £ X\^. We have 
T^Cw = Txw + E a^T^ modH<o. 

Proof. We have 



T^x^w T^x^w ^ T^x I ^ ^ Py.wT^y 
\y<w 



'Pxw ^ ^ Py .wT^xT^y ^ ^ ^ Py^w^x^y 

— Txw ^ ^ ^ Py .wTxTa'^w^ ^ ^ Py^wTxTy ^" ^ ^ Py^w'PxTy 

— Pxw ^ ^ ^ Py^wPxa'^w^ ~t~ ^ ^ Py^wPxPy ^ ^ ^ Py^wPxPy 

b^,<b„ 

= T^^+ E Py.r,T^Ty+ J2 Py.y^T^Ty modH 



<0 



Fix a y in the on of the sum above. Let A be the unique L+-special point which 
is contained in the closure of j/Aq and which lies in the same orbit as (i.e. 
Wx = VFaJ. Write y — ayUxdy where dy G ^, ux has minimal length in the 
coset Wsiydy^ of Wx and Oy G Ws°- 

Let ayUx = . . . si be a reduced expression and let w = Sn .. . Sk+i be such that 
L"'"(s„ . . . si) = t'L+ and -^(sn . . . si) = n. Let Hi be the unique hyperplane which 
separates Si . . . sidyA^ and Si+i . . . sidyA^ and let ai G <i>^ be such that G . 
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Let 1 < i < k and assume that Hi = Ha^.n where n > (the case n < is similar). 
We have Hi e H{Ao, yAo) and since A G i/,; n yAo we see that 

n < (/i, di) < n + 1 for aU /i G yAo- 

It foUows that Haf^m ^ H{Ao,yAo) for all m > n + 1. Next, since x G — X\, 
we see that Hi ^ H{yAQ, xyAo) and it follows that Hai^m ^ H{yAQ, xyA^) for all 
m < n. Finally, since A is a L+-special point, we must have 

{a, I 1 < i < n} = $+ n 

It follows that 

Ix,y n ^^'^ C {ak+i, . . . ,an}. 
By Lemma 17.81 we know that 

deg+(P^,^) < L{ux)+ - LK)+ = -L(«)+. 

Therefore, we have 

(*) deg+(P,,,f,.,.,) < deg+(f,.,.,) - L(«)+ < {cly)+ - L{v)+. 

If we are in Case 1-3, all the hyperplane which contains A must be of maximal 
weight, hence we have L(si) = L^. for all i. Hence 

n 

(1) «yy< E L(^.)=L(z;)+. 

i=k+l 

In Case 4, we may have L+(si) = t' < t. Let i, k, i', fc' G N be such that 

(2) L(u)+ = it + kt' and (c^,^)+ ^ i't + k't'. 
Then by the work above we know that i' + k' < i + k. 

Claim 7.14. If y G iV^/ then Px,yix,y,z e A<o whenever z ^ iV^/. 

Proof. Let x = sn ■ ■ ■ sihe a reduced expression of x. There exists I ~ {ii, . . . ^ip} € 
3x,y such that zj — z. Assume that zj ^ A"^^. Then there exist a G and 
ifc+i — 1 > M > ifc such that 

SM ... Si^^ . . . . . . sij/^o ^ ^ (^o) and sm+i . . . Si^^ . . . s^^ . . . siyAo G [/^^ (Aq) 

and the unique hyperplane which separates these two alcoves is a wall of N'^,^ . 
That means that in the sequence 

I CI I CI 

we have iJ G ^2:^+15^^.^^ .yt+i but iJ ^ Ixk,yk- Fmther, if there is an hyperplane of 
direction a in Ix^.yk then it can't be of maximal weight. Hence we have 

^xk,yk - '^xk+is^^^^,yk+i ^ 

where 

Lq if we are in Case 1. 

. Lq or t — t' if we are in Case 2. 
t or t — t if we are in Case 3. 
t or t' if we are in Case 4. 
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Next, by repetitive use of Lemmas 17. 101 and 17. Ill we get the following inequalities 

2 

^=1 



fc-1 



k 

fc+1 

£=1 

>---><y.+ELK)+Ca. 



Hence, we get {c^y)+ > deg+(f^,2,,^) + C+. 

If we are in Case 1 or in Case 2 with Cq, = then we have, using (1) 
deg+(f,,,,,) - L(t;)+ < {cly)+ - L{v)+ - C+ < -L„. 

But we know that (Pi(Lq) < hence (piideg^ (Px,yix.y.z)) < and Px,yix,y,z hes 
in A<o; see Remark 17.21 



If we are in Case 2 and Ca — t — t', then, we must have t G S'+ and t' ^ 5*°. 
Therefore we have C+ — t and we can conclude as above. 

If we are in Case 3 then Ca > t — t' and we get 

deg+(f,,,,.) - L(«)+ < (4^)+ - Liv)+ -C+< (-1, 0, 1). 

But since we are in Case 3, this imphes that Px,ytx,y,z G A<o; see Remark 17.41 

FinaUy, if we are in Case 4 then Cq > t'. Using (2), we get 

deg+(4.,.,) - L{v)+ < icly)+ - Liv)+ ~ t' 

< {i' + k')t + k)t' - t' 
= {i' + k',0,~{i + k)-l) 

and since {i + k) > (i' + fc') > we have ipi{{i' + k', 0, -(i + fc) - 1)) < 0. The 
resuh follows; see Remark 17.21 □ 



Claim 7.15. If y ^ cj;|„ then Px,yix,y,z e A 



<o- 
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Proof. Since y ^ c^^n have y e C/^^^ (ylo) for some k + 1 < m < n. Then 




if we are in Case 1. 
if we are in Case 2. 
if we are in Case 3. 
if we are in Case 4. 



We have 



i— m+1 

If we are in Case (1) or in Case 2 with c^l y{am) — 0, then L(s,i) = Lq. for aU 
1 < i < n (see Lemma [7751) . Hence 

icly)+ - MV)+ < -L„„ 

and the resuh follows using (*). 

If we are in Case (2) with c^j,(am) = t'. Then 

and the result follows using (*) and Remark 17.21 

If we are in Case (3), then y{am) < t'. Then L(si) = Lq.^ for all 1 < i < 7i and 

(cL^)+ - L{v)+ < -L„,„ + {cl^)+ <-t + t'. 
and the result follows; ; see Remark 17.41 

Finally, if we are in Case 4, then using (2) we must have i + k > i' + k' since 
y e U^^^ (^o)- The result follows, arguying in a similar fashion as at the end of the 
previous Claim. □ 

The theorem follows easily from the two claims and the expression: 

^xCw — Txw ^ ^ ^ Py^wTxTy ^" ^ ^ Py^wTxTy mod H^q 



□ 

7.5. Proof of Conditions 11—15. Condition II it is clear. Condition 12 is a direct 
consequence of Lemma [379l Condition 13 follows from the fact that c^^.^ is a disjoint 
union of the sets iV^ . Condition 15 is Theorem 17. 131 Hence we only to prove 14, 
that is, we need to show that the A-module 

is a left ideal of Let u = a^w'^ b„ G C/a,z and x G ^a„- It is enough to show 
that TgT^Cu G ^ for all s E S. There is 3 cases to consider: 

(1) sx > X and sx £ X\^\ 

(2) sx < X and sx £ X\^] 

(3) sx > X and sx ^ Xx^. 
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The result is clear in the first two cases since we have respectively 
and 

Assume that we are in the third case. Then by Deodhar's lemma (see (Tj Lemma 
2.1.2]), there exists s' € Sx^ such that sx — xs' . If s'u < u we get 

as required. Assume s'u > u. Note that this implies that s' E S° since for all 
s' € 5+ we have s'u < u. Then 

In the above sum, we know that the term TxCs'u G If u 7^ then by 
Lemma l7.81 we must have z S cj^l^^ which in turn implies that by Lemma 13.91 that 
either z = azw'^^ba with < a„ (in which case T^C^ S ^) or z = flzW^ ^5^' with 
fog./ < b^. From there, the result follows by an easy induction on the length of b^- 

8. Proof of Theorem 16.51 

Let F be a totally ordered group abelian group. In this section we study the rela- 
tion between H = {W, S, L) as define in the previous section and = J^{W, S, L) 
where L e Weight(W^, F). The element of H and A will be written with a bold 
symbols. 

8.1. Specialisation. Let L : VF — > F be weight function. Then the map 6'p : F — F 
which sends L(s) to L{s) is a group homomorphism. Further, this homomorphism 
induces a morphism of Z-algebras 6^ : A ^ which sends w'^(^) to w-^^"). If ^ is 
viewed as a A- algebra through 9^, then there is a unique morphism of A-algebras 
e^-.U^ Jf such that 0{T.^) = for all x€W. 

We recaU the some result of [HI IS]- Let TV G N and let Xn ^ {z eW \ l{z) < N}. 
We now define three subsets T\{N), r^(A^), Tl{N) C F. First, let T\{N) be the 
set of all elements 7 > G F such that v~'^ occurs with a non-zero coefficient in 
a polynomial Pzi,z2 for some zi < Z2 G Xm- Next for any zi, Z2 in Xn such that 
MJ^ Z2 ¥^ for some s, we write M^^ ^2 ~ niv'''^ + . . . + niv'^'^ where 7^ rti G Z, 
7i G r and 7; — 7^-1 > foi 2 < i < £. Let r^(A^) be the set of all elements 
7i — 7i_i > arising in this way, for any zi,Z2 G Xn and s € S. Finally let ri^(Af) 
be the set of all elements 7 > G F such that v~'^ occurs with a non-zero coefficient 
in a polynomial of the form 

z;zi<.z<Z2;sz<z 

for some zi, 23 G Xn and s G 5. We set F+(iV) = r\{N) U Tl{N) U Tl{N). 

Proposition 8.1. (see |8l Proposition 3.3]) Let L : W T be a weight function 
such that the ring homomorphism 9^ satisfies the condition 

(*) 0^^(F+(7V)) C{7l7>0}. 
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Then, for all x,y £ Xn, we have 9^(Px,y) = Px.y and 6^{Ml y) MJ.y In 
particular 9^{Cx) = Cx- 

The following Lemma is a straightforward generalisation of [6, Lemma 3.4). 

Lemma 8.2. We have 

T+{N) C {(71, . . . ,7|5|) G Zl^l I -iV < 7, < iV} 

We now give an outline of the proof of Theorem 16.51 First, note that the proof 
of Theorem 17.51 in the previous section only involved elements of bounded length, 
say by A^o G N. Let {W, S) be an irreducible afhne Weyl group and assume that 
S — U 5*° is such that no element of 5*+ is conjugate to an element of 5*°. 
Let X e ^+{Z[S]) as in Section O and T = ^S]/{X n (-X)). Then, using Nq 
and the previous lemma, we will determine a set of weight functions ^ (which will 
correspond at the end to a union of chambers) such that for a\\ L G ^ we have 

0f^(r+(7Vo)) C{7|7>0}. 

For all such weight functions, we can apply the same proof as before to {W, S, L) 
by Proposition 18.11 and we get that , for all a G fi^ is a union of cells of 
(W, S, L). But then, it will be easy to see that N"^ = for all weight function 
L' which takes some zero values and which lies in Finally by changing the sets 
and S° (and also the subset X in type C), we will eventually cover all the cases 
and determine the constants such that Theorem 16.71 and Theorem 16.91 holds. The 
constants we are determining are nowhere near the best we can find as one can see 
by looking at the essential hyperplanes in type C2 in Remark l6.11l 

8.2. Affine Weyl group of type B^, F4 or G2. We keep the notation of Section 
16.21 Let W be an irreducible affine Weyl group of type B^, F4 or G2. 

First let S+ = {s} and 5*° {t}. Let $ e 3^+{Z[S]). Then T = Z[5] and the 
order is the lexicographic order (see Example 17. ip . 

Claim 8.3. Let L e Weight(l^, F) be such that L{s) > Nq ■ L(t). Then 

e^{r+{Noj) c K |7>o} 

Proof. Since the order on T is the lexicographic order, we must have 

r+(iVo) C {(*,j) I i > 0,-iVo < t,j,k< No} U {(0,j) I J > 0}. 
Let i > and -iVo < j < iVo. Then 

i ■ L(s) + j ■ L{t) > iNo ■ L{t) - No ■ L{t) > 0. 
The result follows. □ 

Thus Condition (*) in Proposition 18.11 holds for all weight functions satisfying 
the hypothesis of the lemma. Therefore we get that iV^^ is a union of cells of 
{W,S,L). But one can easily see that for all weight functions L+ : W T such 
that L+{s) > and L+{t) = we have Q};^ = f^^^ and N^^ = N^^ . 

Next let — {t} and S° = {s}. Then we get that the order on F is as follows 
ihj) < ii',f) J < f or (j = j' and i < i'). 
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Arguying as above, we get that for all weight functions L e Weight(VF, F) such that 
i(t) > A^o • L{s) and all weight functions L+ : W ^ T such that i+(t) > and 
i+(s) = 0, the sets are union of left cells of (W, 5, L). 

Finally, putting all this together, we get Theorem 16.51 holds for the finite set of 
rational hyperplanes S){Nq^ I/Nq). 

8.3. Affine Weyl group of type C. We keep the notation of Section 16.31 We 
have S = {t,s,t'}. 

Claim 8.4. Let S+ = {t} and 5° = {s,t'} and let L e Weight(VF,F) be such that 
i(t) > A^o • L{s) + No ■ L(t'). Then, there exists $ = ((^i, . . . , (^d) e ^+(Z[S]) such 
that 

e^{T+iNo)) c W \ J > 0} 

where T is the totally ordered abelian group associated to Pos($). 

Proof. Since = {t} we set (pi = t*. Hence 

ker((^i) = {(0,j,fc) I j,fcGR}. 

Now we want to find a linear map ip2 ■ ker((/3i) R defined by ip2{{0,j, k)) = bj+ck 
(where b,c> 0) such that the following property holds for all —Nq < i,j < No: 

(t) bj + ck > then L{s)j + L{t)k > 

To do so we proceed as in iSi §3]. Set {x e Q I X = ±^ where j,k ^ 

and — A^o < j,k < Nq} and write (o = {xi, . . . , x„} where xi < a;2 < . . . < x'„. 
We set xq — and x„+i = +oo. Let 6, c > be integers such that 

Xk = - = max{r G <f | L{s) > rL(t')}. 
c 

Note that we must have Xk+iL{t') > L{s). Then we claim that property (f) holds. 
Let -Ao < j,k < No be such that bj + ck > 0. If j > and fc < then b/c > -k/j 
and we have 

k 

L{s) > L(t') that is jL{s) + kL{t') > 

j 

as required. If j < and k > (in this case we have x/c+i < oo) then b/c < —k/j 
but this forces Xk+i < -^k/j. Hence 

k 

L{t') > L{s) that is jL{s) + kL(t') > 

j 

as required. 

Finally we set ip2 : ker(93i) — > R by V'2((0, J, fc)) ~ bj + ck where 5, c > are chosen 
as above. Then Pos{(pi, (p2) G ^+{'E[S]) and we have 

T+{No) C {(i,j- fc) U >0,-A^o < hJ.k< Ao}U{(0,i,fc) | L(s)j + L(t')fc > 0}. 

The result follows easily from our assumptions on L. □ 

Let L G Weight(W, F) and $ as in the previous claim. By Proposition 18.11 we 
know that A^^ (for all a € fi^ ) is a union of left cells in {W,S,L). But one 
can see that A^^"" = N^* for aU L+ e Weight(FF,F) such that L+(t) > and 
i+(s) = i+(t') = and all ct G = 17^^. 
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Remark 8.5. If we set ms — TVo, the above claim implies that Theorem 6.9 holds 
for all positive weight functions lying in U "^4 U ("^3 fl "^4) and all non-negative 
weight functions lying in H Ht' ■ 

Claim 8.6. Let S+ = {s} and S° = {t,t'} and let L e Weight(Ty,r) be such that 
L(s) > No ■ Lit) + No ■ L(t'). Then, there exists $ = ((^i, . . . , (^d) G such 
that 

0f^(r+(iVo))cK|7>o} 

where T is the totally ordered abelian group associated to Pos($). 
Proof. Since 5+ = {s} and we set (pi = t*. Hence 

ker((^i) ^ {{i,0,k) \i,ke M}. 

Arguing as in the proof of the previous claim, there exist integers a, c > such that 
if we define (^2 : ker((^i) — >• M by ip2{{i, 0, k)) = ai + ck then <f2{{h 0, k)) > implies 
L{t)i + L{t')k > 0. For such we have Pos(</3i, (^2) e and 

r+(iVo) C {ii,j,k) I j > 0,-7Vo < i,j,k< No} U {(i,0,fc) | L(t)j +L(t')fc > 0}. 

The result follows easily from our assumptions on i. □ 

Let L € Weight (VF, F) and $ as in the previous claim. Arguying as above,we get 
that A^^"" is a union of left cells of {W,S,L) for ah L+ e Weight(VF,F) such that 
L+{s) > and L+(t) = L+(t') = 0. 

Remark 8.7. If we set me = I/Aq, the above claim implies that Theorem 6.9 holds 
for all positive weight functions lying in U C^e ^ ^e) non-negative weight 

functions lying in Ht . 

Claim 8.8. Let S+ = {t,t'} and S° = {s} and let L G Weight(VF,F) be such that 
L{t) > N^ ■ L(s), L(t') > Nj ■ L(s) and L(t) - L(t') > No ■ L{s). Then, there exists 
^ = {'fii,...,ipd) e ^+{Z[S]) such that 

^^(r+(Afo)) |7>0}. 

where F is the totally ordered abelian group associated to Pos($). 

Proof. Since S+ = {t,t'} we set ipi=t* + t'*. Hence 

ker(v9i) = \ i,j gM}. 

We define 1^2 := t* and 933 = s*. Then Pos((/5i, 992, 1^3) £ and we have 

r+(iVo) C{(i, j, fc) I ^ + > 0, -A^o < fc < A^o} 
U {(^, J, -^) I « > 0, -iVo < i, j < No} 
U {0,i,0 I j > 0}. 

The result follows from our assumptions on L. Note that the Aq in the hypothesis 
of the lemma comes from the fact that we need to have 

^r(-(^^o-l),-Aro,Aro) >0. 

That is 

L(t') - (A^o - l)(i(t) - L{t')) - NoL{s) > 0. 
The last inequality wiU hold whenever L(t') > N^L{s) and L(t)-L(t') > A^q- ^(s). 

□ 



Asymptotic lowest two-sided cell 
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Let L G Weiglit(ty, F) and $ as in the previous claim. Arguying as above,we get 
that N^^ is a union of left cells of {W,S,L) for all L+ e Weight(W^,r) such that 
i+(t) > i+(t') > and L+{s) = 0. 

Remark 8.9. If we set mi = TO2 = Nq and = Nq, the above claim implies that 
Theorem 6.9 holds for all positive weight functions lying in U U {'^2 n '^^3) and 
all non- negative weight functions in Hg H Hf . 

Claim 8.10. Let S+ = {t,t'} and S° = {s} and let L e Weight+(VK, F) be such 
that L(t) > N§ ■ L(s), L(t') > ■ L(s). Then, there exists $ = ((^1, . . . ,<^d) G 
^+(Z[5]) such that (1, jo, -1) > for some jo € N and 

e^iT+iNo)) C {i;^ I 7 > 0} 

where F is the totally ordered abelian group associated to Pos("I>). 

Proof. Since S+ = {t,t'} we set ipi ^ t* + t'*. Hence 

ker((^i) = {(i,j, -i) | i,j G K}. 

Arguing as in the proof of Claim 18.41 there exist integers d,b > (with & > 
so that (1, jo,— 1) > for some jo) such that if we define (f2 : ker((^i) — > M by 
</32((«, j, -i)) = di + bj then (/32((i, j, -«)) > implies (L(t) - L{t'))i + L(s)j > 0. 
For such (p2 we have Pos((/Ji, i/?2) £ ,^+(Z[S']) and 

r+(7Vo) C{(i,j,fc) I i + fc > 0,-A^o < i,j,fc < TVo} 

U{(z,j,-*) I (i(t)-i(t'))-2 + L(s)-j>0}. 

The result follows from our assumptions on L. □ 

Let L G Weight(VF,F) and $ as in the previous claim (so that we are in Case 
4). Arguying as above, we get that N^^ is a union of left cells of {W, S, L) for all 
L+ G Weight(W^,F) such that L+(t) = L+(t') > and L+(s) = 0. 

Remark 8.11. If we set mi = TO2 = Nq, then above claim implies that Theorem 6.9 
holds for all positive weight functions lying in "^i U ("^i fl ^() and all non- negative 
weight functions in iJg H -fft-t' • 

Finally we still have to consider the case = {t,s} and 5° = {t'}. However 
in this case, there is nothing to prove since for all L, L+ G Weight(VF, F) such that 

• £(s),i(t) > L(t') 

• i+(t) = i(t), L+(s) = L(s) and L+(t') = 

we have c^^^^ = c^^. Indeed, in both cases, we have 'W^^'^ = {wq\ where wq is the 
longest element of the group generated by si, . . . , Sn-\- 

The proof of Theorem 16.91 for type C is now complete. 
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